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Abstract. We make a systematic study of the infinitesimal lifting con- 
ditions of a pseudo finite type map of noetherian formal schemes. We 
recover the usual general properties in this context, and, more impor- 
tantly, we uncover some new phenomena. We define a completion map 
of formal schemes as the one that arises canonically by performing the 
completion of a noetherian formal scheme along a subscheme, following 
the well-known pattern of ordinary schemes. These maps are etale in 
the sense of this work (but not adic). They allow us to give a local 
description of smooth morphisms. These morphisms can be factored 
locally as a completion map followed from a smooth adic morphism. 
The latter kind of morphisms can be factored locally as an etale adic 
morphism followed by a (formal) affine space. We also characterize etale 
adic morphisms giving an equivalence of categories between the category 
of etale adic formal schemes over a noetherian formal scheme (X,Ox) 
and the category of etale schemes over the ordinary scheme (X, Ox /I), 
with T an Ideal of definition. These results characterize completely the 
local behavior of formally smooth pseudo finite type (i.e. smooth) maps 
of noetherian formal schemes. In the final chapter, we study the basic 
deformation theory of (non necessarily adic) smooth morphisms. 
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Introduction 



In this work we study the infinitesimal lifting properties in the setting 
of locally noetherian formal schemes. Though this kind of study had not 
been undertaken before in a general way, it has been treated as needed in 
several scattered references. On the other hand, the novelty in our approach 
lies in the systematic consideration of a finiteness condition introduced by 
the first two authors, jointly with J. Lipman in an Oberwolfach seminar 
in 1996, see |AJL99j. This condit ion was also considered, independently, 
by Yekutieli, see |Y98j . In particular, this leads to the consideration of 
non-adic morphisms between formal schemes, something rather unusual in 
the literature. But let us start at the beginning and put our research in 
perspective. 

Motivation and context of this work 

One of the characteristic features of Grothendieck's theory of schemes 
is that there may be nilpotent elements in the structural sheaf. From the 
function-theoretic point of view these looks unnatural, because nilpotents 
are non-zero functions vanishing at every point. However their considera- 
tion encodes useful infinitesimal information. For instance, different scheme 
structures on a point express tangent information of the embedding of the 
point in an ambient variety. 

From this point of view it is only natural, given a closed subset of a va- 
riety, or more generally, of a scheme, to define a structure that encompasses 
all possible subscheme structures of the closed subset. These structures are 
called formal schemes and were introduced by Grothendieck in his Bourbaki 
talk "Geometrie formelle et geometrie algebrique" |G59j . 

However, the origins of this notion can be traced back — as lots of other 
modern constructions in algebraic geometry — to Zariski. Specifically, the 
idea is present in his classical memoir "Theory and applications of holo- 
morphic functions on algebraic varieties over arbitrary ground fields" Z51 . 
In this paper, Zariski establishes a theory of holomorphic functions along a 
subvariety, completely satisfactory in the affine case. His main application 
was the connectedness theorem. His inspiration was to look for an analogue 
of holomorphic functions along a subvariety in analytic geometry. In the 
global case, the lack of the language of sheaves was the technical problem 
that did not allow him to progress further. 
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Grothendieck's definition uses indeed the language of sheaves and is the 
natural extension to Zariski's ideas in the context of the theory of schemes. 
One of Grothendieck's achievements is the theorem of comparison between 
the cohomology of a proper map of schemes and the cohomology of its 
completion. This result gives the theorem on formal functions from where 
it follows Stein factorization and the connectedness theorem for schemes. 
Grothendieck developed some further applications as the Lefschetz-type 
theorems for Picard groups and fundamental groups in his 1962 seminar 
|SGA 2j. 

Another question that arises is the algebraization problem. Given a 
morphism of formal schemes / : X — * 2) , is it the completion of a morphism 
of usual schemes g: X — * Y, i.e. such that / = g? Under certain hypothesis 
the question is solved in |G59j for a proper map /. A modern exposition 



can be found in Ipr . Further development in the problem of algebraization 
has been done by Hironaka, Matsumura and Faltings. 

After the initial period, formal schemes have always been present in the 
backstage of algebraic geometry but they were rarely studied in a systematic 
way. However, it has become more and more clear that the wide applicability 
of formal schemes in several areas of mathematics require such study. Let 
us cite a few of this applications. The construction of De Rham cohomology 
fo a scheme X of zero characteristic embeddable in a smooth scheme P, 
studied by Hartshorne H75 (and, independently, by Deligne), is defined as 
the hypercohomology of the formal completion of the De Rham complex of 
the completion of P along X. Formal schemes also play a key role in p-adic 
cohomologies (crystalline, rigid . . . ). 

Formal schemes are algebraic models of rigid analytic spaces. The rough 
idea goes back to Grothendieck but was developed by Raynaud and has been 
studied by Raynaud himself in collaboration with Bosch and Liitkebohmert. 
Further development is due to Berthelot and de Jong. 

Applications keep appearing in different branches of mathematics. We 
mention in this vein that Strickland St99] has pointed out the importance 
of formal schemes in the context of (stable) homotopy theory. 

We see then that the connections and applications of formal schemes are 
wide but after the important work exposed in the Elements of Geometrie 
Algebrique (specifically, EGA I and |EGA IIIil ) the general study of 
formal schemes has been very scarce. In particular a hypothesis that is 
almost always present in reference works is that the morphisms are adic, i. e. 
that the topology of the sheaf of rings of the initial scheme is induced by 
the topology of the base formal scheme. This hypothesis is clearly natural 
because it guarantees that its fibers are usual schemes, therefore an adic 
morphism of formal schemes is, in the terminology of Grothendieck's school, 
a relative scheme over a base that is a formal scheme. 

But there are important examples of maps of formal schemes that do 
not correspond to this situation. The first example that comes to mind is 
the natural map Spf(y4[[A]]) — ► Spf(A) for an adic ring A. This morphism 
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has a finiteness property that had not been made explicit until |A"JL99 
(and independently, in [Y98 ). This property is called pseudo finite type. 
The fact that pseudo finite type morphisms need not be adic allows fibers 
that are not usual schemes, and the structure of these maps is, in principle, 
subtler than the structure of adic maps. 

Pseudo finite type maps arise in several significant contexts. To compute 
residues in a point of a variety over a perfect field we make the completion 
of the local ring at the given point. The geometric interpretation of this 
construction is to make a formal completion of the variety at the point 
and consider it a formal scheme over the base field. The resulting formal 
scheme is not adic but it is indeed of pseudo finite type. In the context of 
the extension of Grothendieck duality to formal schemes (see AJL99 ) one 
generalizes the construction of relative residues and arrives to the following 
situation. We have a commutative diagram 

z^Uw 

1 n 
h h 

X — - — ► Y 

where the horizontal map / is a finite type map of formal schemes and the 
vertical maps, ii,i2 are closed immersions. We obtain a completion mor- 
phism /: X/ z — > Y/ w that is of pseudo finite type but it is adic only if 
f~ 1 (W) = Z, an important case but that does not always hold in practice. 
Recently Lipman, Nayak and Sastry in LNS05 made a canonical construc- 
tion of Cousin complexes and its associated pseudofunctors for pseudo finite 
type maps of noetherian formal schemes. 

One can interpret Hartshorne's approach to De Rham cohomology as 
associating a non adic formal scheme of pseudo finite type over the base 
field to a singular algebraic variety of characteristic zero whose cohomology 
behaves in a reasonable way. This non adic formal scheme turns out to be 
smooth in the sense explained below. 

In a different connection, Berthelot has pointed out the usefulness of 
non adic formal schemes of pseudo finite type over the formal spectrum of 
a discrete valuation ring as models of non quasi-compact rigid spaces. 

A specially interesting aspect of pseudo finite type maps is their be- 
havior with respect to the infinitesimal lifting properties. As in the case 
of usual schemes the theory contains more precise results when one adds a 
finiteness condition. In the present work we develop the infinitesimal lifting 
properties of pseudo finite type maps of formal schemes. We study the in- 
finitesimal lifting conditions (formal smoothness, formal unramifiedness and 
formal etale condition) for formal schemes following the path (and using 
the results) of |EGA IV4I . We call a morphism between locally noetherian 
formal schemes smooth, unramified or etale if it is of pseudo finite type and 
formally smooth, formally unramified or formally etale, respectively. Our 
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definition of smooth maps agrees essentially with the one given in |LN S05 , 
§2.4]. Note also that condition (ii) in jY98[ Definition 2.1] corresponds to a 
smooth map in which the base is a ordinary noetherian scheme, so smooth 
formal embeddings are examples of smooth maps of formal schemes. We ob- 
tain characterizations analogous to the usual scheme case but, as a special 
feature of this work we define in general the completion of a formal scheme 
along a closed formal subscheme (see ll.4.8|) . A morphism arising this way 
is a completion map and can be characterized intrinsically as a certain kind 
of etale map (certainly non adic), see below. These kind of maps provide us 
the right tool to get a local and general description of etale and smooth mor- 
phisms. It is noteworthy to point out that a smooth map of formal schemes 
can have a non smooth usual subscheme as underlying reduced subscheme, 
as it is the case in Hartshorne's construction. 

In this work, we also treat a basic version of deformation theory for 
smooth morphisms. We expect to be able to extend it to the non-smooth and 
non-separated cases in the future. Also, in subsequent work we will apply 
our results to the decomposition of the De Rham complex of a smooth formal 
scheme over a characteristic p > field. We expect that other applications 
to the cohomology of singular schemes will follow. 

Brief description of contents 

Though there is a description of every chapter and every section at their 
beginnings, it could be useful to give here an overview of the main concepts 
and results of this work. 

In the first chapter we gather several results needed later, some of them 
generalizing well-known results for usual schemes that will be of use in the 
following chapters to study the infinitesimal lifting properties. 

The first section recalls basic definitions from |EGA il Chapter 10]. We 
discuss basic examples as formal affine spaces and formal disks that will be 
the source of examples and counterexamples used throughout the text. The 
section closes with the definition of the topological and algebraic dimension 
(or simply dimension) of a formal scheme. This will allow to control the rank 
of differentials for smooth morphisms and shows a difference between formal 
schemes and usual schemes. On usual schemes both dimensions agree, but 
on formal schemes the algebraic dimension is a property of the structural 
sheaf. For instance, let K be a field, the underlying space of Spf(iT[[X]]) is 
a point so its topological dimension is 0, but is algebraic dimension is 1 and 
this reflects an important aspect of the structure of this formal scheme. 

In the next section we recall the notion of adic map and state in a 
systematic way its general properties. We define also the fibers of a map 
of formal schemes. Note that if a morphism is adic, then its fibers are 
usual schemes. We define relative dimensions at a point, both algebraic and 
topological, as the corresponding dimensions of the fibers. We introduce 
the class of pseudo closed embeddings as those maps of formal schemes that 
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are a limit of a directed system of maps of ordinary schemes such that all 
of the maps in the system are closed embeddings. This class includes the 
closed embeddings defined in E GA I\ p. 442]. The section closes studying 
separated maps and open embeddings that, as already remarked in loc. cit, 
behave in a similar fashion to the case of ordinary schemes. 

The third section of the first chapter is devoted to a systematic expo- 
sition of the finiteness condition on morphisms of formal schemes that will 
be used in the sequel. We recall and state the main properties of finite, 
pseudo-finite, finite type and pseudo finite type morphisms. For the study 
of etale maps in chapter 3, one needs a reasonable non-adic analogous of 
quasi-finite maps. These are the quasi- coverings (see definition ll.3.7|) . We 
study its main properties and show that they are different from the pseudo 
finite type maps with finite fibers, that we call here pseudo quasi-finite maps. 

In the last section we discuss some basic properties of flat maps of for- 
mal schemes, including an interpretation of Grothendieck's local criterion of 
flatness in this context. We also define the completion of a formal scheme 
along a formal subscheme, a notion that has not appeared before but that it 
is modeled on the completion of a usual scheme along a closed subscheme. 
These maps will play an essential role later. We also discuss the invariance 
of certain properties of morphisms under completion. 

The second chapter deals with the main tools and definitions of this work. 
In it, we define a suitable notion of the module of differentials. We recall 
Grothendieck construction for topological algebras and globalize it to get an 
appropriate relative cotangent sheaf for a pseudo finite type map of formal 
schemes. It turns out that the "correct" cotangent sheaf for the infinitesimal 
study of formal schemes is the completion of the sheaf of differentials defined 
in terms only of the structure of ringed spaces without topology on the 
structural sheaf. We study some general properties including a key one: its 
coherence. In the next section we see that the Fundamental Exact Sequences 
carry over this context. 

In the fourth section of this chapter, we define the infinitesimal lifting 
conditions for formal schemes. We discuss the basic properties and prove, 
in down to earth terms, the fact that they are local on the base and on 
the source (Proposition I2.4.18J) . Next, it is proved that a completion is an 
etale morphism, an statement that has no significant counterpart in the 
case of ordinary schemes and that will be a "building block" for the local 
characterization of smooth maps of formal schemes. It is also proven in 
this section that the infinitesimal conditions carry over to a completion of a 
morphism of formal schemes along suitable closed subschemes. 

The closing section of this chapter relates the module of differentials 
studied in the first sections to the infinitesimal lifting conditions. It is 
proved in this context that the vanishing of the module of differentials is 
equivalent to the map being unramified, and that a smooth morphism is flat 
and its module of differentials is locally free. The section ends with Zariski's 
Jacobian criterion for formal schemes. 
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Chapter three contains the main results of this work, especially those 
that show the difference in infinitesimal behavior of formal schemes with 
respect to the behavior of usual schemes. In the first part, formed by the 
first three sections there is a local study of the infinitesimal lifting properties 
and we relate unramified, smooth and etale morphisms of formal schemes 
to the same properties of ordinary schemes. One can express a morphism of 
formal schemes / : X — *■ 2) direct limit 

/ = lim f n 

of morphisms between the underlying ordinary schemes f n : X n — > Y n . Then, 
we can pose an important question: Do the infinitesimal properties of f n 
imply those of /? We show that f n is unramified for any n if, and only 
if, / is unramified. We show also that the fibers of an unramified map 
are usual schemes and characterize pseudo closed embeddings as unramified 
maps such that /o is unramified (with the previous notation). Given a 
morphism of noetherian formal schemes it is proved that if the underlying 
maps of formal schemes are smooth, then the original morphism of formal 
schemes is. The reciprocal result is false for smooth, and therefore, for etale 
morphisms. We characterize smooth morphisms as those maps that are flat 
and whose fibers are smooth formal schemes over a field. We also note that 
a smooth morphism factors locally as an etale map and a (formal) affine 
space and obtain a matricial Jacobian criterion for smoothness. All of this 
is applied to etale morphisms, and we obtain, for instance, that to be an 
etale map is equivalent to be flat and unramified and also to be smooth and 
a quasi-covering. 

The next section gives three results that explain the structure of etale 
maps. First, we prove that an open embedding is the same as an adic etale 
radical morphism (Theorem IH.4.H|) . This generalizes a well-known prop- 
erty of usual schemes, see |EGA IV^ Theoreme (17.9.1)]. We characterize 
(Theorem K-}.4.4|) completion morphisms as those etale maps whose underly- 
ing map of schemes is a closed embedding, which is also equivalent to be a 
flat pseudo closed embedding. This shows completion morphisms as a new 
class of etale morphisms of formal schemes. We also prove that, given a 
formal scheme 2} there is an equivalence between the category of etale adic 
formal schemes over 2J and etale schemes over Yq where 

2J = lim Y n . 

neN 

The case in which 2) is smooth over a base an ordinary scheme has appeared 
in |Y98 Proposition 2.4]. This result (and the cited previous special case) is 
a reinterpretation in this context of |EGA IV,^ Theoreme (18.1.2)], which, 
in fact, is used in the proof. 

With all these results we prove the local structure theorem of smooth 
morphisms on formal schemes that says that if / : X — > 2) be a morphism 
smooth at x G X, then there exists an open subset il C X with x £ it such 
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that /|n factors as 

where k is a completion morphism and /' is an adic smooth morphism. This 
is Theorem BUSH In a sense, together with the previous result, it explains 
the local structure of a smooth map. An etale map can be locally factored 
as a completion followed by an adic etale map which are classified by the 
fundamental group of the underlying scheme of the base formal scheme. 
This gives a way for understanding the local properties of these morphisms. 

The work closes with an study of basic deformation theory of smooth 
maps of formal schemes. The results are quite similar to those that are 
standard for ordinary schemes. There is an obstruction that lives in a coho- 
mology group of order one for extending a map over an infinitesimal neigh- 
borhood over a smooth formal scheme. Also, we consider the following sit- 
uation: a smooth morphism /o : Xo — > 2Jo and a closed immersion 2)q 9J 
defined by a square zero Ideal. In this case: if there exists a smooth 2J-formal 
scheme X such that X x^SJo = Xo, it is unique when Ext /^ , fo%) = 
( Proposition 14.23)) . Furthermore, we show that there exist such a smooth 
2)-formal scheme X if a certain element in Ext 2 ^^^, f$I) vanishes, see 
Proposition 14.2.61 In particular, if /q is a map of affine schemes, such a X 
always exists. 

A note on terminology 

Whenever a formal scheme morphism / : X — > 2) is expressed as a direct 
limit of morphism of their underlying ordinary schemes f n : X n — > 2J n 
(with n 6 N) the question about how a property V that holds for all the 
maps in the system {/ n }neN is reflected on the map / arises. It has been 
customary to call "pseudo-"P" the properties of locally noetherian formal 
schemes such that V holds for all f n but that, in general, do not hold for 
the corresponding morphisms / of formal schemes unless / is adic . This is 
the case for morphisms of pseudo finite type or pseudo closed embeddings. 

In previous stages of this work we used the term pseudo-smooth for what 
it is called now smooth. By the preceding discussion, the old terminology 
would not be adequate because, as remarked previously, the underlying maps 
of ordinary schemes of a smooth map of formal schemes may not be smooth. 
Also, in this way, our terminology agrees with the one used in [LNS05 . 
Note that the notion is new even though the terminology is classic. 

Acknowledgements 

We have benefited form conversations on these topics and also on ter- 
minology with Joe Lipman, Suresh Nayak and Pramath Sastry. We also 
want to thank Luis Narvaez, Adolfo Quiros and Norbert Schappacher for 
encouragement and further comments. The authors thank the Mathematics 
department of Purdue University for hospitality and support. 



INTRODUCTION 

The diagrams were typeset with Paul Taylor's diagrams.tex. 



CHAPTER 1 



Formal schemes 

In this chapter we establish the concepts and notations about formal 
schemes that will be useful for the reading of this memory. In Section lLll we 
recall basic facts of the theory of formal schemes illustrated with examples. 
Sections II. 21 and II .Ml treat several properties of morphisms of formal schemes 
(topological and finiteness properties). We also introduce notions that are 
essential later in the development of this work, as pseudo closed immersions, 
quasi-coverings and the fiber of a morphism. The last section is devoted to 
the study flat morphisms. There we define completion morphisms, a kind 
of flat morphisms that topologically are closed immersions. 

1.1. The category of locally noetherian formal schemes 

We will begin by recalling briefly some basic definitions and results about 
locally noetherian formal schemes. Of course, for a complete treatment we 
refer the reader to |EGA l\ §10]. We will give some detailed examples of for- 
mal schemes, which we will refer along this exposition, like the affine formal 
scheme and the formal disc. We will also define the (algebraic) dimension 
of a locally noetherian formal scheme. 

definition 1.1.1. Let A be an I-adic ring 1 . The formal spectrum of 
A, written Spf(A), is the topological ringed space (cf. |EGA II (0.4.1.1)]) 
whose underlying topological space is the closed subset V(I) C Spec(A) and 
whose sheaf of topological rings is 

neN 

where, for all n £ N, Ox n is the structural sheaf of rings of the affine scheme 
X n = Spec(A// n+1 ). 

A topologically ringed space (X, Ox) is an affine formal scheme if is 
isomorphic to the formal spectrum Spf(A) of an 7-adic ring A. If A is 
noetherian we will say that X is an affine noetherian formal scheme. 

Note that an affine scheme is an affine formal scheme for the discrete 
topology. 

"*A topological ring A is called I-preadic if (J n ) n eN is a fundamental system of neigh- 
borhoods of 0, and we say that the topology of A is I-adic. Moreover if A is separated 
and complete for the 7-adic topology we say that A is I-adic (cf. EGA I (0.7.1.9)]). 
Trivially, every ring A is separated and complete for the discrete topology, the topology 
given by any nilpotent ideal of A. 
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Remark. The concepts of formal spectrum and affine formal scheme are 
established in |EGA l| §10.1] for a general class of topological rings (the 
admissible rings EG A l| (0.7.1.2)]). What we call here formal spectrum 
or affine formal scheme is called in |EGA ij adic formal spectrum or adic 
affine formal scheme, respectively. 

1.1.2. If X = Spf(.A) is an affine formal scheme with A an /-adic ring, 
then: 

(1) T(X,O x ) = Aas topological rings |KGA II (10.1.3)]. 

(2) Given / € A, if £)(/) := D(/) n X, with D(/) = Spec(A f ), the 
collection of open subsets {©(/)} feA form a base for the topology 
of Spf(A). Besides, the isomorphism 

(£(/), = S P f(% } ) |EGA I[ (10.1.4)], 
where ^4{/} denotes the completion of Af respect to the Jy-adic 
topology 2 , shows that T>(f) = (S)(/), O^lxim) is an affine formal 
scheme. 

(3) For each x G X, let p be the corresponding open prime ideal in A. 
The local ring of X at x is 3 : 

XtX = lim r(D(/),O s(/) ) = lim A {f} =: A {p} 
ftp ftp 

It holds that Xx is a local noetherian ring with maximal ideal 
P@x,x and its residual field is k(x) = A^y/pA^y = A p /pA p (cf. 
EGA I, (0.7.6.17) and (0.7.6.18)]). Observe that O x , x need not 
be a complete ring for the IC^x-adic topology. 

Example 1.1.3. Let A be a commutative ring and A[T] the polynomial 
ring with coefficients in A in the indeterminates T = T\ , T2, . . . , T r . Let us 
assume that A is an /-adic noetherian ring and let us denote /[T] = / • A[T] 
the set of polynomial with coefficients in /. 

(1) The ring of restricted formal series ^4{T} is the completion of 
A[T] respect to the J[T]-adic topology. If I{T} is the ideal of 
the restricted formal series with coefficients in /, it holds that 
I{T} = I ■ A{T} and that A{T} is an 7{T}-adic noetherian ring 

2 EGAjl §0.7.6] Given a J-adic ring A and S C A a multiplicative subset, A{S x } is 
the completion of S~ A respect to the S _1 J-adic topology. If M is an ^-module, M{S~ 1 } 
denotes the completion of 5 _1 M with respect to the S 1-1 J-adic topology, that is, 

Af{5'~ 1 } = hjn S^M/iS^J^M. 

In particular, if S — {/",/, n £ N} then the completion of Af and of Mj for the J/-adic 
topology are denoted and M{f}, respectively. 

3 Given A a J-adic ring, p C A a open prime and M a A-module, put 

M {p) := lim M U} . 
f<tv 

Note that A{ f ) is a J{ p }-preadic ring. 
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(cf. |EGA l| (0.7.5.2)]). We call affine formal r-space over A or 
the affine formal space of dimension r over A the formal scheme 

A r Spf(A ) = Spf(^{T}) 
Observe that the underlying topological space of Ag pf , A \ is the affine 
r-space over A/I, & r Spcc(A/I) = Spec(4[T]). 
(2) The formal power series ring ^4[[T]] is the completion of A[T] with 
respect to the (J[T] + (T))-adic topology. If J[[T]] denotes the 
ideal of formal power series with coefficients in I and [[T]] is the 
ideal of formal series without independent term, it is well-known 
that I[[T\] = I ■ A[[T]], [[T]\ = (T) • A[[ T}} and that A[[T\] is an 
(7[[T]] + [[T]])-adic noetherian ring (cf. M a86l Theorem 3.3 and 
Exercise 8.6]). We define the formal r-disc over A or formal disc 
of dimension r over A as 

^s P f(A) = Spf(4[T]]) 

The underlying topological space of Ugpf^) is Spec(vl//). (Note 
that if in the ring vl[[T]] we consider the [[T]]-adic topology the un- 
derlying topological space of the corresponding affine formal scheme 
would be Spec(A)). 

definition 1.1.4. |EGA II (10.3.1)] Given A an I-adic ring let X = 
Spf(A). If J is an ideal of definition 4 of A then 5 

J A = lim JjT n C O x 

is called an Ideal of definition o/X. In particular, J A is an Ideal of definition 
of X. 

Given J A an Ideal of definition of X it holds that: 

(X, O x /J A ) = Spec{A/J) 

therefore, any Ideal of definition of X determines its underlying topological 
space. 

Example 1.1.5. With the hypothesis and notations of Example 11.1.31 
we have that I{T} A is an Ideal of definition of A^ pf(A) and (I[[T\] + [[T]]) A 
is an Ideal of definition of H5g pf • 



4 Given A an 7-preadic ring, an ideal of definition of A is an ideal that determines the 
J-adic topology in A (cf. |EGA II (0.7.1.2)]). 

5 In general, if A is a J-adic ring and M an yl-module, in |EGA il (10.10.1)] it is 
defined the following sheaf of modules over Spf(A) 

„a M 



n6N J n + 1 M 

We will recall some properties of this construction from l2.2"^l on. 
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1. FORMAL SCHEMES 



definition 1.1.6. A topologically ringed space (X, Ox) is called a formal 
scheme if for all x £ X there exists an open subset il of X with x G il and 
such that (il, Ox|u) is an affine formal scheme |EGA 1\ (10.4.2)]. When the 
open subsets il are affine noetherian formal schemes we say that (X, Ox) is a 
locally noetherian formal scheme. We will often write X instead of (X, Ox)- 

Example 1.1.7. Given a scheme X and X' C X a closed subscheme 
determined by a coherent Ideal Z of Ox > we call completion of X along X' 
and write (X/x>, Ox /x ,) or, in short, X/x>, the topologically ringed space 
with underlying topological space X' and whose sheaf of topological rings is 

O x = lim O x /l n+1 . 

The topologically ringed space X/ X ' is a formal scheme |EGA II (10.8.3)]. 
A formal scheme isomorphic to one of this type is called algebraizable. In 
particular, if X = Spec(A) is an affine scheme and 1 = 1, with / a finitely 
generated ideal of A, it holds that X/ X ' = Spf(A) where A is the separated 
complete ring of A for the I-adic topology. Then every affine noetherian for- 
mal scheme is algebraizable and, therefore, every locally noetherian formal 
scheme is locally algebraizable. In HiMa68 ( §5] one can find an example 
of a locally noetherian formal scheme which is not algebraizable. 

definition 1.1.8. Let (X, Ox) and (2), 02)) be formal schemes. A mor- 
phism / : (3C,Ox) — ► (2), Og)) of topologically ringed spaces such that 
Vx € X, fx '■ 0%)j(x ) ~* 0£,x is a local homomorphism is a morphism of 
formal schemes |EGA I| (10.4.5)]. We denote by Hom(X, 2)) the set of 
morphisms of formal schemes from X to 2). 

1.1.9. Formal schemes together with morphisms of formal schemes form 
a category that we denote by FS and, we'll write NFS for the full subcategory 
of FS which objects are the locally noetherian formal schemes. Affine formal 
schemes form a full subcategory of FS, we will denote it by FS a f. In the 
same way the affine noetherian formal schemes are a full subcategory of 
NFS, written as NFS a f- 

The next result, that we will call "formal Descartes duality" provides 
a contravariant equivalence of categories that generalizes the well-known 
relation between the categories of rings and schemes ("Descartes duality"). 

Proposition 1.1.10. \FA1A II (10.2.2)] The functors 

A^Spf(A) and X^T(X,O x ) (1.1.10.1) 

define a duality between the category of adic rings and FS a f . Moreover, the 
restriction of these functors to the category of adic noetherian rings and to 
NFS a f * s a l so a duality of categories. 

1.1.11. As a consequence of the proposition we get the following mor- 
phisms of formal schemes: 
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(1) Given A an I-adic ring, the morphism A — ► Ayy induces the canon- 
ical inclusion in FS a f 

£(/) Spf(A). 

(2) If A is an I-adic noetherian ring, the canonical inclusions 

A A{Ti,r 2 , . . . ,T r } — A[[T a ,T 2) . . . ,T r ]] 

are continuous morphisms for the adic topologies established in 
Example 1 1 . 1 . 31 and . therefore, induce canonical morphisms in NFS a f 

M S P f(A)^ A Spf(A)^ S P f ^)- 

(3) With the notations of Example 1 1.1. 71 the morphisms 

O x -» O x /l n+1 
induce a canonical morphism in FS 

Xjx> — > 

called i/te completion morphism of X along X' that, as a map of 
topological spaces is the inclusion of X' in X. Locally, for an affine 
open subset given by an ideal I of the noetherian ring A, it is given 
by Spf(.A) — > Spec(A), where A is the I-adic completion of A. 

definition 1.1.12. |EGA II (10.5.1)] Let (X, Ox) be a formal scheme. 
An Ideal J of Ox is an Ideal of definition of X if for all x £ X there exists 
an open subset U C X with x G il such that (iX, Ox|u) is an affine formal 
scheme and J~\u is an Ideal of definition of ii. 

Example 1.1.13. Let X be a (usual) scheme. 

(1) Any locally nilpotent Ideal J C Ox is an Ideal of definition of X. 

(2) If X' C X is a closed subscheme defined by a coherent Ideal X C 
Ox, the Ideal Zrjf/ := lim Z/Z n+1 is an Ideal of definition of 

neN 

X /x > and it holds that X/X , /(1/ X ') n+1 = O x /I n+1 - Moreover, if 
X = Spec(A), 2 = I and k : X /x > = Spf(l) -> X = Spec(A) is 
the completion morphism of X along X', we have that 

T /x , = I A = K *I 

/x imi 

The next proposition guarantees the existence of Ideals of definition for 
locally noetherian formal schemes. 

Proposition 1.1.14. Given (X, Ox) a locally noetherian formal scheme, 
there exists J the greatest Ideal of definition of X. Besides, (X, Ox/ J) is a 
reduced (usual) scheme. 

Proof. |EGA 11 (10.5.4)]. □ 
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1.1.15. As a consequence of this Proposition, it is easily seen that given 
/ : X — > 2) a morphism in NFS, if /C C 0<g is an Ideal of definition, then 
there exists an Ideal of definition J C Ox such that f*QC)Ox C i7, see 
EGA I (10.6.10)]. 

An affine formal scheme supports all the possible structures of closed 
subscheme corresponding to its underlying topological space. Therefore a 
formal scheme can be considered a special case of ind-scheme, i.e. a direct 
limit of usual schemes. Next, we elaborate on this idea in the case of locally 
noetherian formal schemes. 

1.1.16. Given (X, Ox) in FS and J an Ideal of definition of X such that 
J/ J 2 is a Ox/J-module of finite type 6 it holds that J n+1 is an Ideal of 
definition and that X n = (X, Ox/ ■J n+1 ) is a (usual) scheme with the same 
topological space as X, Vra G N (c/. |hOGA II (10.5.1) and (10.5.2)]). Let 
i n : X n — > X be the canonical morphism determined by Ox ~~ ► Ox/ 1 J n+1 , 
for each neN. If for m > n > 0, i mri , : X n — > A m are the natural closed 
immersions defined by Ox/J m+1 — ► Ox/J n+l we have that 

° *mn — ^n 

and, therefore, {A n , i mn } is a direct system in FS. There results that (X, Ox) 
is the direct limit of {X n ,i mn } in FS. We will say that X it is expressed as 

X = lim X n 

with respect to the ideal of definition J and leave implicit that the schemes 
{A n } are defined by the powers of the Ideal of definition J . Notice that if 
X is in NFS the schemes X n are locally noetherian, for all n £ N. 

Suppose that X = Spf(A) is in FS a f and that J = J A is an Ideal of 
definition of X being J C A an ideal of definition such that J/ J 2 is a (A/J)- 
module of finite type. Applying |EGA I\ (10.3.6)] there results that J n+l = 
(J A )" +1 = (J n+ 1 ) A so we have that X n = Spec(A/ J n+1 ), for all n G N (see 
Definition II. 1.4j) . In this case, the expression X = lim X n corresponds to 

neN 

the equality A = lim A/J n+1 through the duality (|1.1.10.1jl . 

neN 

1.1.17. Given / : X — » 2) a morphism in FS, let J C Ox and /C C Osg be 
Ideals of definition such that J j J 2 is a (C'x/ l 7)-Module of finite type and 
K,/K? is a 02)//C-Module of finite type, and satisfying that f*(JC)Ox C J7. 
Let us write 

X = lim A„ and 2) = lim 1^ 

neN neN 

^Whenever X is in NFS for every Ideal of definition J C Ox it holds that J I J 2 a 
Ox /./-module of finite type 
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where, for each n e N, X n := (X,O x /J n+1 ) and Y n := (2), 0^/K n+1 ). For 
each nGN,, there exists a unique morphism of schemes f n : X n — > 1^ such 
that, for m > n > the diagrams: 



2J 



X, 



f, 



Y 



1>mn Jmn 



commute. The morphism / is the direct limit of the system {/ n ,i mn , j mn } 
associated to the Ideals of definition J C Ox and K, C 0<g and we will write 



/ 



hm /„ 



|EGA Tl (10.6.7), (10.6.8) and (10.6.9)]. 

If / is in NFS and /C C is an Ideal of definition, there always ex- 
ists an Ideal of definition J C O x such that f*(fC)O x C J (see n .1 .1 5|> . 
The corresponding morphisms / n are in the category of locally noetherian 
schemes, for all n G N. 

Suppose that f : X = Spi(A) — ► 2J = Spf(-B) is in FS a f and that there 
exist J = J A C Ox and JC = K A C 0%) Ideals of definition such that 
J/ J 2 is a A/J-module of finite type and K/K 2 is a -B/^T-module of finite 
type. Let cf) : B ^ A be the continuous homomorphism of adic rings that 
corresponds to / through the duality (|1.1.10.1j) . Then f*{K,)Ox C J" if, 
and only if, KA C J, and the morphisms f n correspond with the canonical 
morphisms B / K n+1 — > Aj ' J n+1 induced by <f>. 

1.1.18. Let / : X — > 2) and 5 : 2) — > 6 be two morphisms in FS and 
consider J C Ox, K> C and £ C Oe Ideals of definition such that J j J 2 
is a O^/^-Module of finite type, /C//C 2 is a O^/ZC-Module of finite type and 
C/C 2 is a 6 /£-Mod ule of fi nite type, and satisfying that f*(K)Ox C J 
and Ox C /C. Bv ll.l.lVI we get 



/ 



hm /„, 

nGN 



9 



lim 5 r , 

nGN 



where /„ : (3C,O x /J n+1 ) - (2), Cy/lC* 1 ) and <? n : (2J, Oy/KT* 1 ) -» 
(6,Og/£ n+1 ) are the induced morphisms by / and g, respectively, for all 
nGN. Then, it holds that 



9 / 



hm g Tl 

nGN 



fn 



Notations. Henceforth we will use systematically the following nota- 
tion: 
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(1) Given X in FS and J C Ox an Ideal of definition such that J I J 2 
is a O^/^-Module of finite type, for all n E N, X n will denote the 
scheme (X, O x /J n+1 ). 

(2) If / : X — > 2J is a morphism in FS, given J7 C Ox and /C C 
Ideals of definition such that J / 'J 2 is a (0£/j7)-Module of finite 
type and /C//C 2 is a O^/ZC-Module of finite type, and satisfying that 
f*(K)O x Cj,f n : X n := (X,O x /J n+1 ) -> F n := (2), Og/ZC^ 1 ) 
will be the morphism of schemes induced by /, for all n € N. 

definition 1.1.19. Let © and X in FS. If there exists a morphism 
X — > & we say that X is a & -formal scheme. If X = X is a (usual) scheme 
we say that X is a & -scheme. Notice that, every formal scheme X in FS is 
a Spec(Z)-formal scheme. 

Given X — * & and 2J — * & morphisms in FS, a morphism / : X — > 2J in 
FS is a 6-morphism if the diagram 



X — ► 2J 
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commutes. The S-formal schemes with the 6-morphisms are a category 
and we will denote by Homg(X, 2J) the set of S-morphisms between X and 
?)• 

Proposition 1.1.20. EGA I, (10.7.3)] Let X and 2J be two S-formal 
schemes. Then there exists X x@ 2J> i/ie /f&er product of X and 2) in the 
category of & -formal schemes. Moreover, if X = Spf(^4), 2J = Spf(-B), 6 = 
Spf(C), with A, B and C adic rings, the fiber product X x@ 2J is given by 
Spi(A® c B) 7 . 

Remark. Like the category of locally noetherian schemes (cf. |EGA il 
(3.2.5)]), NFS is not stable for fiber products. 

1.1.21. |EGA Tl (10.7.4)] Given / : X -> 6 and g : 2) -> 6 in NFS, let 

J C O x , K C and C C O e be Ideals of definition such that f*(K)O x C 
J7 and g*(jC)0£ C /C. Express 

/ = lim (/„ : X n -> S n ) and 5 = lim (# n : Y n -> 5 n ). 

nSN nGN 



\l J CZ A, K <Z B and L C C are ideals of definition such that LB C if and LA C J, 
A®qB is the completion of A (g>c B with respect to the (J(A ®c B) + K(A Cg>c B))-adic 
topology or, equivalently, 

A® C B = lim A/J n+1 ® G/Ln+ i B/K n+1 



|EGA II (0.7.7.1) and (0.7.7.2)]. 
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Then the cartesian diagram 

*x e 2) >2) 



x > e 

is the direct limit of the cartesian diagrams 

X n xs n Y n > Y n 



where n £ N and, therefore, 

Xx e 2) = 



lim X n x Sn Y n . 

ngN 



definition 1.1.22. Let X be in NFS. 
(1) We call affine formal r-space over X or affine formal space of di- 



mension r over X to A^ 



A', 



£ XSpec(Z) A s P cc(Z) 



A 



Spec(Z) 



Spec(Z) 



Given it = Spf(j4) C X an affine open set, then 
A' x |a = A r Spf(A)[niGi S P f(A{T}) 

where T denotes the indeterminates T\ , T2, . . . , T r and it follows 
that is in NFS. 
(2) We call formal r-disc over X or formal disc of dimension r over X 
to 



X x Spec(z) W Spec{z) 



^spec(z) — Spec(Z) 
If it = Spf(.A) C X is an affine open set, we have that 

Spf(4[T]]) 



so. 



is m 



»xw 



NFS. 



'Spf(A) 



mnio 



Remark. Prom now on and, except for exceptions that will be indi- 
cated, every formal scheme will be in NFS. We will assume that every ring 
is noetherian and, therefore, that every complete ring and every complete 
module for an adic topology are also separated. 
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definition 1.1.23. Let X be in NFS, J C Ox an Ideal of definition and 
iGl We define the topological dimension of X at x as 

dimtop x . X = dim x Xq 

The definition does not depend of the chosen Ideal of definition of X. As 
for it, we may assume that X = Spf(-A). If J and J' are ideals of definition 
of A, there exist k, I G N such that J k C J' and J' 1 C J and, therefore, we 
have that dim^4/J = dimA/J'. We define the topological dimension of X 
as 

dimtop X = sup dimtop^. X = sup dim x Xq = dim Xo. 

If 36 = Spf(-A) with ^4 an 7-adic noetherian ring, then dimtop X = dim A/I. 
For example, 

dimtop A r Sp{{A) = dimA£ pec(A//) = dim A/I + r 
dimtop ID>Spf(A) = dimSpec(yl//) = dim A/ 1 

Given A an J-adic ring, put X = Spec(A) and X = Spf(A). Despite 
that the only "visible part" of X in X = Spec(A) is V(I), it happens that 
X\V(I) has a deep effect in the behavior of X as we will see along this work. 
So, apart from the topological dimension of X it is necessary to consider a 
dimension that expresses part of the "hidden" information: the algebraic 
dimension. 

definition 1.1.24. Let X be in NFS and J an Ideal of definition of X. 
Given x € X we define the algebraic dimension of X at x as 

dim^ X = dim Ox,x 

The algebraic dimension of X is 

dim X = sup din^ X. 

Lemma 1.1.25. Given A a noetherian ring and I an ideal of A, denote 
by A the completion of A for the I-adic topology. It holds that 

dim A = sup dim Ap 

and, therefore, dim A < dim A. Furthermore, if A is I-adic, dirru4 = dim A. 

Proof. It is known that there exists a bijective correspondence between 
the maximal ideals of A that contain / and the maximal ideals of A given 
bym^ra |B89l III, §3.4, Proposition 8]. Then 

dim A = sup dim A^ = sup dim A m = sup dim Ap 

/CmeMax(A) /CmeMax(A) /CpeSpcc(A) 

since A m A^ is a flat extension of local rings with the same residual 
fields. The other assertions follow from this equality. □ 
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Corollary 1.1.26. If X = Spf(A) with A an I-adic noetherian ring 
then 

dim X = dim A 

Proof. For each x G X, if p^ is the corresponding open prime ideal in 
A we have that 

dim x X = dim^jp^ = dimA Px 

since Ap x «— > ^{p^.} is a flat extension of local rings with the same residual 
field. Then, from Lemma 1 1 . 1 . 2 51 we deduce the result. □ 

Corollary 1.1.27. Let A be an I-adic noetherian ring and denote by 
T the set of indeterminates T%, T%, . . . , T r . Then: 

dim,4{T} = dimyl[[T]] = dimyl + r 

Proof. By Lemma IT. 1.251 it holds that 

dim A[[T]} < dim^{T} < dimA[T] = dim A + r 

So, it suffices to show that dimA[[T]] > dimA + r. We will make induction 
on r. Suppose that r = 1. Given po C pi C . . . C p; a chain of prime ideals in 
A we have that p [[T]] C pi[[T]] C pi[[T\] C pi[[T]] + [[T]] is a chain of prime 
ideals in A[[T]] and, therefore, dim A{T} = dim A[[T)] = dim A + 1. Given 
r G N, assume that the equality holds for i < r. Since A[[Ti, T2, ■ ■ ■ , T r ]] = 
A[[Tx,T2, . . . , r r _i]] [[T r ]], by the induction hypothesis we get the result. □ 

Example 1.1.28. Let A be an I-adic noetherian ring. Then 
dimAJ: ,s = dim^iTl = dim^ + r = dimSpf(A)+r 
dimlfD T : rr n . = dim AffTll , = dim A +r _ = dimSpf(^)+r 

& PH A ; ITT261 ll. 1.271 ll. 1.261 

From this examples, we see that the algebraic dimension of a formal 
scheme does not measure the dimension of the underlying topological space. 
In general, for X in NFS, dim x X > dimtop^X, for any a; € X and, therefore 

dim X > dimtop X. 

Moreover, if X = Spf (A) with A an I-adic ring then dim X > dimtop X + 
ht(I). 

1.2. Properties of morphisms of formal schemes 

In this section we will discuss certain properties of morphisms of lo- 
cally noetherian formal schemes. First, we recall adic morphisms of formal 
schemes (c/. |EGA l\ §10.12]), whose behavior is similar to that of mor- 
phisms in Sch. In fact, an adic morphism can be interpreted as a family 
of "relative schemes" with base a formal scheme (see 11.2.101 below). In our 
exposition they just play an auxiliary role. Next, we define the fiber of a 
morphism of formal schemes / : X — > 2) in a point y G 2) and the relative 
algebraic dimension of / in a point x € X. The section ends with the defi- 
nition and the study of the pseudo closed immersions, that is an important 
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class of non adic morphisms; we also deal with separated morphisms (c/. 
EGA I, §10.15]) and radical morphisms. These two last properties behave 
as the corresponding ones for ordinary schemes, but they will play a decisive 
role in the rest of this work. 

1.2.1. A morphism / : X — > 2) in NFS is adic (or simply X is a 2)- 
adic formal scheme) if there exists an Ideal of definition K, of 2) such that 
f*(JC)O x is an Ideal of definition of X |EGA Tl (10.12.1)]. If / is adic, for 
each Ideal of definition K,' C 0<g it holds that f*(K,')Ox C Ox is an Ideal of 
definition. 

Whenever / : X = Spf(A) -» 2) = Spf(B) is in NFS af we have that / is 
adic if given K C B an ideal of definition, KA is an ideal of definition of A. 

If / : X —* 2) is an adic morphism, then the topology of Ogj determines 
the topology of Ox- 
Example 1.2.2. Let X = Spf(A) be in NFS af . Then: 

(1) The canonical morphism —* X is adic. 

(2) For each f & A the inclusion X is adic. 

(3) However, the projection — > X is only adic when r = 0, in which 
case it is the identity of X. 

Example 1.2.3. Given a locally noetherian scheme X and X' C X a 
closed subscheme, the morphism of completion of X along X', k : Xjx 1 X 
is adic only if X and X' have the same underlying topological space hence, 
Xjx> = X and n = lx- 

In Proposition 11.2.51 we will recall a useful characterization of the adic 
morphisms. Previously, we need to establish some notations. 

1.2.4. Let 2) be in NFS and K, C Osg an Ideal of definition such that 

2) = lim Y n . 

neN 

An inductive system of {Y n } ne fq-s cherries is an inductive system of locally 
noetherian schemes {X n } n ^fq together with a collection of morphisms of 
schemes {f n : X n — > y n } ne N making commutative the diagrams 



X n Y n (m>n> 0). 

the system {f n : X n — ► y n }neN is arfic if the above diagrams are cartesian 
EGA I (10.12.2)]. 

Proposition 1.2.5. VFit/i the previous notations, the functor 
{X n -A y n } neN / = lim f n 

neN 
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establish a canonical equivalence between the category of adic inductive sys- 
tems over {y n }neN and the category of adic 2) -formal schemes, whose in- 
verse is the functor that takes an adic locally noetherian 2J- formal scheme 
f : X — ► 2) to the inductive system {f n : X n — ► Y n } n ^ determined by the 
Ideals of definition /C C 0<q and f*(K)0%) C Osq. 

Proof. \FA1A II (10.12.3)] □ 

Proposition 1.2.6. Let f : X ^ 2) and g : 2J -> 6 6e in NFS. T/ien: 

(1) if / and g are adic, so is the morphism g o /. 

(2) If go f and g are adic, then f is adic. 

(3) If f is adic, given 2J' — > 2) in NFS suc/i £/iai Xg/ is in NFS it holds 
that fsQi : — > 2)' is adic. 

Proof. Let C be an Ideal of definition of 6. Assertion (1) follows from 
the hypothesis and from the equality (gof)*(£)O x = f*(c f \c)0^)Ox- Let 
us prove (2). As g is adic then g*(£)0%) C Osg is an Ideal of definition and, 
since go f is adic we have that f*(g*(C)Ofg)Ox is an Ideal of definition of X 
and, therefore, / is adic. As for (3) we can assume that the formal schemes 
are affine. Suppose that X = Spf(^4), 2) = Spf(5) and 2J' = Spf (-£>') with 
K C B and K' C B' ideals of definition such that KB' C K' . If we put 
A' = A® B B' let us show that K'A' is an ideal of definition of A'. Since / is 
adic, KA is an ideal of definition of A so, J' = KA(A% B B')+K'{A® B B') = 
KB'(A® B B') + K'{A® B B') = K'(A® B B') is an ideal of definition of A'. 
Then, the assertion follows from ll.2~Tl □ 

Example 1.2.7. Given X in NFS, = X x Spcc ( Z ) A-spec(Z) ~^ ^ * s an 
adic morphism, (see Proposition 11.2.61 1|3~|)). 

definition 1.2.8. Let / : X — >■ 2) be in FS and y € 2J. We define the 
fiber of f at the point y as the formal scheme 

f~ x {y) = 1x3, Spec(%)). 

For example, if / : X = Spf(B) — > 2J = Spf(-A) is in FS a f we have that 
/- 1 (y) = Spf(i?g A A ; (y)). 

Example 1.2.9. Let X = Spf(A) be in NFS af . If p : A r x -» X is the 
canonical projection of the affine formal r-space over X, for all x £ and 
for all y = p(x) we have that 

p-\y) = Spi(A{T}® A k(y)) = Spec(*r(y)[T]) = A r Spcc(k{y)) . 

If q : — > X is the canonical projection of the formal r-disc over X, 
given x E and y = q(x), there results that 

q-\y) = Spf(A[[T]]§ A fc(y)) = Spf(%)[[T]]) = D' Spf . 

1.2.10. Let / : X -> 2) be in NFS and let us consider J C O x and 
K C Ogj Ideals of definition with f*{K)O x C ,7. According to II .1.1 71 the 
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morphism / respect to the Ideals of definition J and fC can be written as 

/ = lim (X n ^ Y n ) 

n&i 

Then, bv ll.l.21l it holds that 

f-\y) = lim f-\y) 

where /" (y) = X n xy n Spec(fc(y)), for each n € N. 

If / is also adic, from Proposition 11.2.61 (JH|) we deduce that f~ 1 (y) is a 
(ordinary) scheme and that f (y) = fn (y)> for all n G N. 

Notations. Let / : X — > 2} be in NFS, x G X and y = f(x) and assume 
that J C Ox and /C C 0*g are Ideals of definition such that f*{K)Ox C J7". 
From now and, apart from exceptions that will be indicated, whenever we 
consider the rings Ox,x and 0<g l3/ we will associate them the JOx,x and 
/CO^y-adic topologies, respectively. And we will denote by Ox, x and 0^ y 
the completion of Ox, x and O^ with respect to the JOx, x and /COg^-adic 
topologies, respectively. 

definition 1.2.11. Let / : X — > 2) be in NFS. Given x G X and 
y = /(x), we define the relative algebraic dimension of f at x as 

dim x / = dim x f~ l (y) 

If J C Ox and /CcOj] are Ideals of definition such that f*{K)Ox C J, 
then 

dim x / = dim ^-i^)^ = dimO^ (g)^ fc(y) = dimO^ ®^~~ y k(y) 
since the topology in Ox x ®f, — - k(y) is the ^Ox^-adic and, therefore, 

On the other hand, we define the relative topological dimension of f in 
x G X as 

dimtop x . / = dimtop^ / _1 (y). 

If J C Ox and /C C Og are Ideals of definition such that f*(fC)Ox C 
and /o : Xo — ► Yb is the induced morphism by these ideals, it holds that: 

dimtop z / = dim x f Q l {y) = dim. x f 

1.2.12. Given / : X — > 2J in NFS and x G X, then dinxj, / > dimtop^ /. 
Moreover, if / is an adic morphism the equality holds bv ll.2.1(H For example: 

(1) If p : — > X is the canonical projection of the affine formal r-space 
over X, for all x G A^ we have that 

dim x p = dimtop z p = dimfc(y)[T] = r 
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where y = p(x). In contrast, if q : — > X is the canonical 
projection of the formal r-disc over X, x E and ?/ = q(x) there 
results that 

dim^ q = dim fe(y) [[T]] = r > dimtop^, q = dim = 

11.1.281 

(2) If X is a usual noetherian scheme and X' is a closed subscheme 
of X, recall that the morphism of completion of X along X', k : 
X/x> —> A is not adic, in general. Note however that, for all 
x £ X/x>, it holds that 

dim x k = dim/c(x) = dimtop^. k = 

definition 1.2.13. Let X be a locally noetherian formal scheme and 
2 C Ox a coherent Ideal . If we put 8 X' := Supp(0x/Z) then X' is a closed 
subset and (X', {Ox/2)\x>) is a locally noetherian formal scheme |EGA II 
(10.14.1)]. We will say that X' is the closed formal subscheme of X defined 
by 2 or, briefly, the closed subscheme of X defined by 2 EGA il (10.14.2)]. 

1.2.14. Let X be in NFS, ^7 C 0£ an Ideal of definition and X' C X a 
closed subscheme defined by the coherent ideal 2 C 0£- Then 

X' = lim X 

nGN 

where C X n = (X, C , x/^ n+1 ) is the closed subscheme defined by {J n+1 + 
2)/J n+1 , for all nGN. 

1.2.15. Analogously to the case of schemes, given X in NFS there ex- 
ists a bijective correspondence between coherent Ideals 2 of Ox and closed 
subschemes X' X given by X' = Supp(Ox/^) and Ox 1 = iPx/2)\x'- 

In particular, put X = Spf(A) where A is a J-adic noetherian ring. 
Given / C A an ideal the ring A/ 1 is J(A//)-adic and X! = Spf (A/I) is a 
closed subscheme of X. 

definition 1.2.16. A morphism j : 3 — * X in NFS is a closed immersion 

if it factors as 3 —> X' X where / is an isomorphism of 3 into a closed 
subscheme X' of X \KliA II p. 442]. 

Proposition 1.2.17. Given f : X — > 2) an adic morphism in NFS f/ie 
following conditions are equivalent: 

(1) 77ie morphism f is a closed immersion. 

(2) Given /C C Osg an Idea? o/ definition and J = f*(IC)Ox, the in- 
duced morphism fo : Xq Yq is a closed immersion. 

(3) Given /C C 0%) an Ideal of definition and J = f*(tC)Ox the corre- 
sponding Ideal of definition of X, the induced morphisms f n : X n — > 
Y n , are closed immersions, for all n € N. 

8 E GA II (0.3.1.5)] If T is a sheaf on a topological space X, the support of T is 
Supp(JT) ■- {x £ X such that T x / 0} 
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Proof. The equivalence (1) <^ (2) is |EGA UlA (4.8.10)] and (2) O 
(3) is immediate. □ 

definition 1.2.18. A morphism / : X — > 2) in NFS is a pseudo closed 
immersion if there exists J C Ox and /C C Ideals of definition such 
that f*{K,)Ox C J7 and the morphisms induced by /, f n : X n — » Y n , are 
closed immersions, for all n 6 N. As a consequence, if / : X — > 2J is a pseudo 
closed immersion, /(X) is a closed subset of 2J. 

Let us show that this definition does not depend of the chosen Ideals of 
definition. Being a local question, we can assume that / : X = Spf(^4) — > 
2J = Spf(B) is in NFS af and that J = J A , K = K A for ideals of definition 
J C A and K C B. Then given other ideal of definitions J' C A and K' C B 
such that J' = J' A C O x , K! = K' A C 0<g verifying that f*(JC')O x C J r/ , 
there exists no > such that J n ° C J', K n ° C if'. The morphism B — > A 
induces the following commutative diagrams 



B /K' n+1 ^^/J'" 4 " 1 

and it follows that B / K' n+l -» A/J /n+1 is surjective, for all neN. Thus, 
(X, Ox/J r,n+1 ) (2), C>2)//C /n+1 ) is a closed immersion, for all neN. 

Example 1.2.19. Given X a noetherian scheme and X' C X a closed 
subscheme defined by an Ideal I C Ox , by 11.1.131 and 11.1.171 it holds that 

A> ^X= lim ((X'^x/X^^MX,^) 

Therefore, the morphism of completion of X along X' is a pseudo closed 
immersion. 

Notice that, an adic pseudo closed immersion is a closed immersion. 
Though for the pseudo closed immersions we do not have an analogous 
characterization to Proposition 1 1 . 2 1 171 



Example 1.2.20. Given K a field, consider the canonical projection 
l 

Spec(K) 



P • ^SDecf/n ~~ * Spec(ff). If we take [[T]] A as an Ideal of definition of 



^Spec(ftT) ^en po = ls P ec(if ) is a closed immersion. However, the morphisms 
p n : Spec(if [T]/ (T) n+1 ) — > Spec(if) are not closed immersions, for all n > 
and, thus, p is not a pseudo closed immersion. 

Proposition 1.2.21. Let f : X — > 2J and g : 2) — > 6 be two morphisms 
in NFS. It holds that: 

(1) If f and g are (pseudo) closed immersions then go f is a (pseudo) 
closed immersion. 
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(2) If f is a (pseudo) closed immersion, given h : 2J' — > 2) m NFS we 
/tawe f/iai = X 2J' is in NFS and i/iai /' : JCsg/ — > 2J' is a 
(pseudo) closed immersion. 

Proof. By Proposition ll.2.6l it suffices to show the properties for pseudo 
closed immersions. As for (1) let J C Ox, K- C and £ C Oe be Ideals of 
definition with f*{]C)Ox C JT, g*(£)0<g C /C and consider the corresponding 
expressions for / and g as direct limit of scheme morphisms: 



/ 



lim [X Tl 



fn 



Y, 



From lT~1.18l we have that 



9° f 



lim g Tl 

ragN 



lim (Y n 

neN 



fn 



9n 



Sn) 



and then the assertion follows from the stability under composition of the 
closed immersions in Sch. Let us show (2). Take K! C Oy an Ideal of 
definition with h*(IC)Osgi C K! and such that, by Il.l.l7| 



h 



lim (K ■ Yn 



Y 



Then bv ll. 1.211 we have that 
/' 



2)' 



fx n x Yn Y'^Y' \ 



lim 



V 



Xn 



Y 



J 



By hypothesis f n is a closed immersion and since closed immersions in Sch 
are stable under base-change we have that f' n is a closed immersion of noe- 
therian schemes, Vn € N. Finally, X<n> is in NFS, because this is a particular 
case of proposition 11.3.41 Ijljl. This result is not used in that proof. □ 

definition 1.2.22. |EGA 11 (10.15.1)] Given / : X -> 2J in FS, the 

diagonal morphism Ax '■= (lx, lx)*?) X ^ X x<g X given by the universal 
property of the fiber product. The morphism / is separated if the subset 
Ax(X) C X X3) X is closed. 

1.2.23. If / : X -> 2J is in NFS and J C O x and /C C are Ideals of 
definition with f*(K)O x C J then 

/ is separated <=> X F is separated |EGA II (10.15.2)]. 

By |EGA I| (5.3.1)]. 11.1. 181 and ll. 1.211 we deduce that separated morphisms 
in NFS are stable under composition and base-change. Moreover, every 
(pseudo) closed immersion is separated. 

Also, in EGA~H (10.15.5)] it is shown that, if X Xg X is in NFS, then 
/ : X — > 2J is separated if, and only if, is a closed immersion. 
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definition 1.2.24. Given (2), Og) in NFS andil C 2) open, it holds that 
(it, Ox|u) is a noetherian formal scheme [EGATTl (10.4.4)] and we say that 
it is a open subscheme of%). A morphism / : X — > 2) is an open immersion 
if there exists it C 2) open such that / factors as 

X^>it^2J 

where g is a isomorphism. 

Remark. It is well known that given X —> Y 5 in Sch with / a 
closed immersion and g an open immersion the morphism g o f factors as 
/' o g 1 with /' a closed immersion and g' an open immersion. However, in 
N FS the analogous result is not true (see a counterexample at the beginning 
of |A.TL02j ). 

definition 1.2.25. A morphism / : X — > 2) in NFS is radical if given 
J d Ox and /C C 0<g Ideals of definition such that f*(JC)O x C J the 
induced morphism of schemes /o : Ao — > lo is radical 9 . 

Given x € X, the residue field of the local rings Ox,x and Ox ,x are the 
same and analogously for Osqjm and Yo j ( x )- Therefore the definition of 
radical morphisms does not depend on the chosen Ideals of definition of X 
and 2). 

1.2.26. From |EGA Tl (3.7.3) and (3.7.6)] it follows that: 

(1) The radical morphisms are stable under composition and noether- 
ian base-change. 

(2) Every monomorphism is a radical morphism. Concretely, open im- 
mersions, closed immersions and pseudo closed immersions are rad- 
ical morphisms. 

1.3. Finiteness conditions of morphisms of formal schemes 

This section deals with finiteness conditions for morphisms in NFS, that 
generalize the analogous properties in Sch. In the class of adic morphisms 
we recall the notions of finite type morphisms and finite morphisms, already 
defined in |HX4A II §10.13] and |EGA IIItI §4.8]. In the wide class of non 
adic morphisms we will study morphisms of pseudo finite type and pseudo 
finite morphisms (introduced in |A.IL99| p. 7] 10 ). Generalizing quasi-finite 
morphisms in Sch, we will define pseudo quasi-finite morphisms and quasi- 
coverings and establish its basic properties. At the end of the section we 
provide sorites for a property V of morphisms in N FS (Proposition ll.3.15j) . 



9 EG A II (3.7.2)] A morphism of schemes g : X — > Y is radical if satisfies the 
following equivalent conditions: 1) it is universally injective 2) it is injective and for all 
x £ X, the field extension k(x)\k(g(x)) is radical. 

^Morphisms of pseudo finite type have been also introduced independently by Yeku- 
tiely in |Y98| under the name "formally finite type morphisms" 
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definition 1.3.1. A morphism / : X — > 2J in NFS is of pseudo finite type 
(pseudo finite) if there exist J C Ox and K, C 02) Ideals of definition with 
f*(JC)Ox C i7 and such that the induced morphism of schemes, /o : Xq — > Yq 
is of finite type (finite, respectively). If / is of pseudo finite type (pseudo 
finite) and adic we say that / is of finite type (finite, respectively). 

Observe that if / is in Sch the above definitions coincide with that of 
finite type morphism and finite morphism. 

Proposition 1.3.2. Let f : X ^ 2) be in NFS. 

(1) The morphism f is of pseudo finite type if, and only if, for each 
y € 2), there exist affine open subsets 23 C 2) and il C X with x G it 
and /(it) C 23 such that f\a factors as 

ill* M r p>23 

where r, s S N, j is a closed immersion and p is the canonical 
projection. 

(2) The morphism f is of finite type if, and only if, for each y G 2J, 
there exist affine open subsets 23 C 2J an d it C X with x € X and 
/(it) C 23 such that /|n factors as 

it ^ ^ 23 

where r £ N, j is a closed immersion and p is the canonical pro- 
jection. 

(3) The morphism f is pseudo finite if, and only if, for each y 6 2J> 
i/iere exists an affine open 23 C 2) uraf/i / -1 (23) = it C X affine and 
there exists s£N such that f\$x factors as 

il A D«j ^> 23 

where f is finite and p is the canonical projection ( cf. AJL99, p. 

(4) The morphism f is finite if, and only if, for each y G 2), there 
exists an affine open subset 23 C 2J with /~ 1 (23) = it an affine 
open subset of X such that T(il, Ox) is a T(23, 0%))-module of finite 
type. 

Proof. Since this are local properties we may assume / : X = Spf(^4) — * 
2J = Spf(.B) is in NFS a f. Given J C A and K C B ideals of definition such 
that KA C J let f : X = Spec(,4/J) -> Y = Spec( J B//C) be the induced 
morphism induced by /. 

Let us prove property (1). As / is pseudo finite type, there exists a 
presentation 

B B <po A 

-^-[T 1 ,T 2 ,...,T 1 ]^ 1 . 

This morphism lifts to a ring homomorphism 

B^B[T 1 ,T 2 ,...,T r ]^A 
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that extends to a continuous morphism 



B^B{T}[[Z}} := B{T 1 ,T 2 ,...,T r }[[Z 1 ,Z 2 ,...,Z s ]]^A (1.3.2.1) 

such that the images of Z% in A generate J. It is easily seen that the 
morphism of graduated modules associated to ip 

rrs (K{T}[[Z]] + [[Z]])" grM ^ J n 

W(^{T}[[Z]] + [[Z]])^ ^ Jn+1 

is surjective and, therefore, (p is also surjective QB891 III, §2.8, Corollary 
2])- 

As for (3), by hypothesis, there exists an epimorphism of B/K-modules 

for some t € N. This epimorphism lifts to a continuous morphism of B- 
modules 

t 

that extends to a morphism of topological U-modules 

®B[[Z 1 ,Z 2 ,...,Z S ]}^A (1.3.2.2) 

t 

such that the images of Zi in A generate J. From the fact that tpo is 
surjective we deduce that <p also is ( B89 , III, §2.11, Proposition 14]). 

In the cases (2) and (4) KA = J, so we can choose s = 0. Then, if / is 
of finite type the factorization (|1,3.2,1|) can be written 

B —> B{Ti,T 2 , . . . ,T r } -» A 

and corresponds with the one given in |EGA l| (10.13.1)]. Whenever / is 
finite the factorization 1)1.3.2.2(1 is expressed 

®B^A 

r 

and corresponds with the one given in |EGA IIIil (4.8.1)]. □ 

1.3.3. Let / : X — > 2) be a pseudo finite type (or pseudo finite) morphism 
in NFS. As a consequence of the last Proposition it holds that for all couple 
of Ideals of definition J C Ox and K, C 0%) such that f*(JC)Ox C J ', 
the induced morphism of schemes fo : Xq — > lo is of finite type (or finite, 
respectively). 

Remark. In the assertion c) of the characterization of finite morphisms 
of formal schemes given in |EGA IIIil (4.8.1)] it should be added the adic 
hypothesis for /. 

Proposition 1.3.4. Given f : X — > 2) and g : 2) — > 6 in NFS we /lave 
i/ie following properties: 
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(1) // / and g are (pseudo) finite type morphisms, then g o / is a 
(pseudo) finite type morphism. 

(2) If f and g are (pseudo) finite morphisms, the morphism g o / is 
(pseudo) finite. 

(3) 7// : X— *■ 2J is a (pseudo) finite type morphism, given h : 2)' — ► 2J 
a morphism in NFS we have that I Xj) 2)' is in NFS and that 
f : 3c%)' — > 2)' is o/ (pseudo) finite type. 

(4) // / : X — ► 2) is a (pseudo) finite morphism, given h : 2J' — > 2J a 
morphism in NFS i/ien /' : Xg' — > 2)' is (pseudo) finite. 

Proof. By Proposition ll.2.6l it suffices to prove the assertions for pseudo 
finite and of pseudo finite type morphisms. First, (1) and (2) are deduced 
from 11.1.181 and the corresponding sorites in Sch. 

In order to prove (3) and (4), by II. 1.211 and by the analogous properties 
in Sch, is suffices to show that if / is a pseudo finite type morphism then 
the formal scheme X Xig 2]' is locally noetherian. We may suppose that 
X = Spf(A), 2J = Spf(B) and 2J' = Spf(B') with J C A, K C B and 
K' C B' ideals of definition such that KA C J and KB' C K'. Let us check 
that A' = A®bB' is noetherian. By hypothesis, we have that B/K — > A/ J 
is of finite type. Therefore, by base-change, there results that B' /K' — > 
A/ J ®b/k B' IK' is of finite type and, since 

A' = lim (A/J n+1 ® B/Kn+ i B'/K' n+1 ), 

nGN 

and analogously to the argument given in the proof of Property II. 3. 2I(| T|). we 
have a surjective morphism B'{T\, T%, . . . , T r ]}[[Zi, Z2, ■ ■ ■ , Z s ]] -» A'. Then 
A' is a noetherian ring and. □ 

definition 1.3.5. Let / : X — > 2) a pseudo finite type morphism in NFS. 
We say that / is pseudo quasi-finite if there exist J C Ox and 1C C 0<q 
Ideals of definition with f*(K.)Ox C J and such that /o is quasi-finite 11 . 
And / is pseudo quasi-finite in x € X if there exists an open il C X with 
x € ii such that f\& is pseudo quasi-finite. 

Notice that if / : X — > 2) is a pseudo quasi- finite morphism (in NFS) 
then, for all couples of Ideals of definition J C Ox and /C C O^ such 
that f*()C)Ox C J, the induced morphism of schemes /o : Xo — ► Yb is 
quasi-finite. 

Proposition 1.3.6. The pseudo quasi-finite morphisms satisfy the fol- 
lowing properties: 

(1) Closed immersions, pseudo closed immersions and open immer- 
sions are pseudo quasi-finite. 

11 |EGA"TI (6.11.3)] A finite type morphism / : X — > Y of schemes is quasi-finite 
if it satisfies the following equivalent conditions: (1) Every point x G X is isolated in 
/ _1 (/(a;)). (2) For all x G X, the scheme / _1 (/(a;)) is fc(x)-finite. (3) For all x E X, 
Ox,x ®o Y ,ff X ) k{f(x)) is a fc(/(x))-module of finite type. 
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(2) 7/ / : X — ► 2J and g : 2) — > 6 are pseudo quasi-finite morphisms, 
then g o f also is. 

(3) 7/ / : X — » 2J is pseudo quasi-finite, given h : 2)' — > 2) a morphism 
in NFS we /lave i/iai /' : Xgy — > 2)' is pseudo quasi-finite. 

Proof. The proof is an immediate consequence of the analogous prop- 
erties in Sch. □ 

In Sch it is the case that a morphism is etale if, and only if, it is smooth 
and quasi-finite. Nevertheless, we will show that in NFS not every smooth 
and pseudo quasi-finite morphism is etale (see Example 13.3.71 in Chapter 
I2J). That is why we introduce a stronger notion than pseudo quasi-finite 
morphism and that also generalizes quasi-finite morphisms in Sch: the quasi- 
coverings. 

definition 1.3.7. Let / : X — ► 2) be a pseudo finite type morphism 
in NFS. The morphism / is a quasi- covering if Ox,x§>o<g ff x )k(f{ x )) 1S a 
finite type fc(/(cc))-module, for all x£l We say that / is a quasi- covering 
in x G X if there exists an open it C X with x G il such that is a 
quasi-covering. 

Observe that given J C Ox and K, C Osy Ideals of definition such that 
f*(J)Ox C K, for all x G X there results that 

Ox,x®o VJix) Kf{x)) = lim Xn , x ®O ww k{f{x)). 

We reserve the word "covering" for a dominant (i.e. with dense image) 
quasi-covering. These kind of maps will play almost no role in this work 
but they are important, for instance, in the study of finite group actions on 
formal schemes. 

Example 1.3.8. If X is a locally noetherian scheme and X' C X is 
a closed subscheme the morphism of completion k : X = Xjx> —> X is a 
quasi-covering. In fact, for all x G X we have that 

Ox,x®G XMx) k( K ( x )) = k( K ( x ))- 
Proposition 1.3.9. The quasi- coverings verify the following properties: 

(1) Closed immersions, pseudo closed immersions and open immer- 
sions are quasi- coverings. 

(2) If f : X — > 2) and g : 2) — > & are quasi- coverings, the morphism 
g o / is a quasi- covering. 

(3) If f : X — > 2J is a quasi- covering, given h : 2J' — ► 2J a morphism in 
NFS ii Zio/ds i/iaf /' : Xgy — ► 2)' is a quasi- covering. 

Proof. Immediate. □ 

Proposition 1.3.10. If f : X — > 2J is a quasi- covering in x £ X then: 

dim x f = 
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PROOF. It is a consequence of the fact that Ox,x®0<x) f< x )k(f( x )) * s an 
artinian ring. □ 

Proposition 1.3.11. Let f : X — > 2J be in NFS a pseudo finite type mor- 
phism. If f is a quasi- covering, then is pseudo quasi-finite. Furthermore, if 
f is adic the reciprocal holds. 

Proof. Suppose that / is a quasi-covering and let J C Ox and /C C 0<y 
be Ideals of definition such that f*(fC)Ox C J ■ For x £ X and for all 
y = f(x), Ox,x®o% y k(y) is a finite &(y)-module and, therefore, 

is fc(y)-finite, so it follows that / is pseudo quasi-finite. 

If / is a pseudo quasi-finite adic morphism, in ll.2.1Ul we have shown that 

/ _1 (y) = /cT 1 ^) and > tnen > 

Ox ,x/m Yo ,yOx ,x = Ox,x®o v , y k(y) 
for all x E X with y = f(x). It follows that / is a quasi-covering. □ 

Corollary 1.3.12. Every finite morphism f : X — > 2) in NFS is a 
quasi- covering. 

PROOF. Given J C Ox and AC C Ideals of definition such that 
f*(!C)Ox C J by hypothesis we have that /o : Xq — ► 1q is finite therefore, 
quasi-finite. Since / is adic the result is consequence of the last proposition. 

□ 

Nevertheless and, as it is shown in the next example, not every pseudo 
finite morphism is a quasi-covering and, therefore, pseudo quasi-finite does 
not imply quasi-covering. 

Example 1.3.13. The canonical projection p : — > X is not a quasi- 
covering since dim.,, p = r > 0, for all x € X. But the scheme morphism 
EDJGJ 

Po = lx is finite. 

1.3.14. In short, we have the following diagram of strict implications 
(with the conditions that implies adic morphism in italics): 

closed immersion => finite => quasi-covering 
^ ij. ^ 

pseudo closed immersion pseudo finite pseudo quasi-finite 

Question 1. In Sch Zariski's Main Theorem says that every quasi-finite 
morphism factors as a open immersion followed a finite morphism. In NFS, 
is every quasi-covering the composition of a open immersion and a pseudo 
finite morphism? 

In the following proposition we study the basic sorites of a property V 
of pseudo finite type morphisms in NFS. 
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Proposition 1.3.15. Let V a property of pseudo finite type morphisms 
in NFS and consider the following statements: 

(1) Every closed immersion satisfies V . 

(2) Every adic morphism f : X — > 2) in NFS such that, for all K, C 0<g, 
that is an ideals of definition of 2), and J = f*(JC)Ox C Ox, 
the corresponding Ideal of definition of X, the induced morphism 
fo : Xq — > Yq is an immersion, satisfies V. 

(3) The property V is stable under composition of morphisms and for 
base-change in NFS. 

(4) The property V is stable under product of morphisms. 

(5) Given f : X — > 2J a pseudo finite type morphism in NFS and g : 
2J — > & a separated pseudo finite type morphism in NFS, if g o / 
satisfies V , then so does f . 

(6) Zet / : X — > 2) and g : 2) — > S 6e pseudo finite type morphisms. If 
g o f satisfies V, then so does f. 

(7) Let f : X — > 2J in NFS and consider J C Ox anc ^ C CXg Ideals 
of definition with f*(K,)Ox C suc/i iaai 

/ = lim (/„ : X n -> Y n ). 

raGN 

7/ / satisfies the property V , then f n satisfies V for all n € N. 
Then, we have the following implications: 

(3) => (4) 

(1) , (3) => (5), (7) 

(2) , (3) => (6), (7) 

Proof. The proof of (3) => (4) is the same as in the case of schemes (c/. 
|(;i)611 (5.5.12)]). The implication ( 1), (3) = > (5) is analogous to that of 
schemes using ©, ES31© and E diXll (10.15.4)]. In order to prove 
(1), (3) => (7) consider the following commutative diagrams: 

X — 2J 



'In 



Y h i v 

where i n , j n are the canonical closed immersions, Vn > 0. From (1) and 
(3) we deduce that / o i n = j n o f n satisfies V and then, since every closed 
immersion is a separated morphism, the result is consequence of (5). 

On the other hand, (2) =>- (1) so, by the aforementioned property we 
have that (2), (3) (4), (7). Finally, let us show (2), (3) =^ (6). Let 
/ : X —*■ 2J and g : 2J — > S be pseudo finite type morphisms. Let be the 
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^raph of / 




Assume that J C Ox, K C and C C 0& are Ideals of definition such 
that f*(K)Ox C J, g*(C)0<Q C /C and, with respect to them, put 

/ = lim f n : X n — ► Y n , g = lim q n : F„. — ► S„ 



lim 5 r , 



If for all n € N, T 



f n denotes the graph of f n , it holds that 
T f = lim T /n 

neN 



The morphism is adic and, since ry n is an immersion, for all n E N (cf. 
|EGA I| (5.1.4)]) using (2) we have that Tf satisfies V. However, since go f 
possesses property V then by (3) h also has V and, again by (3) there results 
that / = h oTf satisfies V. □ 

Corollary 1.3.16. With the hypothesis of Provosition \1.8.Th\ if V is 
one of the properties of being (pseudo) closed immersion or (pseudo) finite 
then (1) and (3) hold for so V, so that (4), (5) and (7) hold for V also. 

Proof. Every (pseudo) closed immersion is (pseudo) finite trivially 
and, therefore, V satisfies (1). Moreover, in 11.2.2 Jl (| T|) we have shown that 
(pseudo) closed immersions are stable under composition and in ll.3.4l (|2|) we 
proved that (pseudo) finite morphisms are stable under composition, so V 
verifies (3). □ 

Corollary 1.3.17. With the hypothesis of Provosition \l.°J.Th\ if V is 
one of the properties of being separated, radical, (pseudo) finite type, pseudo 
quasi-finite or quasi-covering, then (2) and (3) hold for V, and, therefore, 
(4), (6) and (7) hold for V, too. 

Proof. If / is a morphism with property V it is easily seen that satisfies 
(2). Besides morphisms with property V are stable under composition (cf. 

n .2.231 rr~2~26i fn . rroi <m> . rnbn and iTX9j) . □ 



1.4. Flat morphisms and completion morphisms 

In the first part of this section we discuss flat morphisms in NFS. When- 
ever a morphism 

/ = lim /„ 

ngN 
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is adic, the local criterion of flatness for formal schemes (Proposition II. 4.Tj) 
relates the flat character of / and that of the morphisms f n , for all n £ 
N. Though, in absence of the adic hypothesis this relation does not hold 
(Example II .4.5)1 . In the second part we study the morphisms of completion 
in NFS, a class of flat morphisms that are pseudo closed immersions (so, 
they are closed immersions as topological maps) and that play an essential 
role in the main theorems of Chapter El (Theorem 13.5.11 Theorem 13.5.21 and 
Theorem I3.5.3j) . 

definition 1.4.1. A morphism / : X — > 2) is flat at x G X if Ox,x is a 
flat 0%),f(x) -module. We say that / is flat if it is flat at x, for all i£l 

1.4.2. Given J C Ox and JC C 0% Ideals of definition with f*(JC)O x C 
J , if Ox,x and Orgjf x \ are the completions of Ox,x and 0<gjf x \ for the 
JOx,x and JCOfgjM-adic topologies, by |B89| III, §5.4, Proposition 4] the 
following are equivalent: 

(1) / is flat at i £ I 

(2) Ox, x is a flat OfgjM -module 

(3) Ox, x is a flat Otgjtx) -module 

(4) 0£,z is a flat OtQ ft x \ -module 

Lemma 1.4.3. AJL99, 7.1.1] A morphism f : Spf(A) -> Spf(B) is flat 
if, and only if, A is a flat B -module. 

Proof. If / is flat for all m C A maximal ideal, and n = / _1 (m) holds 
that vl{ m } is a flat -B{ n }-module and by |B89| III, §5.4, Proposition 4] we 
have that A m is a flat i? n -module. Then, A is a flat 5-module. Reciprocally, 
if A is a flat .B-module, then ^4{p} is a flat -B^-module for all p C A prime 
ideal and q = / _1 (p) and, in particular for all p C A open prime ideal. □ 

1.4.4. Since flatness is a local property, the last lemma implies that: 

(1) Open immersions are flat. 

(2) Flatness is stable under composition of morphisms, base-change 
and product of morphisms. 

(3) If X is a (usual) noetherian scheme and X' C X a closed subscheme 
the morphism of completion k : X/x* ~* X' is flat. 

The property "to be flat" in general does not satisfy the statement (7) 
of Proposition 11.3.151 

Example 1.4.5. If K is a field and = Spec(iT[T]) consider the closed 
X' = V((T)) C A^-. The canonical morphism of completion of along X' 

is flat but, the morphisms 

Spec(X[T]/(T) n+1 ) ^ A^ 
are not flat, for every n £ N. 
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Proposition 1.4.6. Let f : X — > Y be in NFS with Y a usual scheme, 
J C Ox an Ideal of definition and denote by f n : X n = (X, Ox/ J n+1 ) — ► Y 
the morphisms induced by f, for all n G N. // / n is a flat morphism, for all 
n G N, i/ien f is a flat morphism. 

PROOF, (c/. \Ia8G Theorem 22.1]) We may assume the following: 
X = Spf(.A), J = J A with A a J-adic noetherian ring and Y = Spec(-B). 
Let us show that A is a flat 5-algebra. For that, take K C B be an ideal and 
let us check that the canonical map u : K' := i^(8>B^4 — > A is injective. Since 

is a finitely generated ^4-module, is complete for the J-adic topology and, 
therefore n ne ^J n+1 K' = 0. Take x G ker(u). By hypothesis, for all n € N, 
A/J n+1 is a flat i?-algebra and, therefore the morphisms 

K ' A K~ A A 

K (2)4 -rrr-, -r = K ( 



Jn+lJ^I A J n+1 </ n + 1 

are injective, for all n € N. We deduce that x G J n+1 K', for all n G N, so 
x = 0. □ 

Example 11.4.51 shows that the reciprocal of the last proposition does not 
hold. 

Proposition 1.4.7 (Local flatness criterion for formal schemes). Let 
f : X — > 2) be an adic morphism, K, an Ideal of definition of 2) , consider 
J = f*(IC)Ox and let f n : X n —>Y n be the morphisms induced by f and fC, 
for all n G N. The following assertions are equivalent: 

(1) The morphism f is flat. 

(2) The morphism f n is flat, for all n G N. 

(3) The morphism /o is flat and Tor^ {Ox, Oy ) = 0. 

(4) The morphism /o is jHai and J = f*(JC). 

Moreover, f is adic and flat if and only if, fo is flat and J = f*(JC). 

Proof. We may suppose that f : X = Spi(A) -> 2J = Spf(-B) is in NFS. 
Then if K, = for an ideal of definition K C B, we have that = (i^^4) A 
and the proposition is a consequence of Lemma ll.4,3l and of the local flatness 
criterion for rings (c/. Ma86,, Theorem 22.3]). □ 

In Example 1 1 . 1 . 71 we have shown how to get from a (usual) locally noe- 
therian scheme X and a closed subscheme of X' C X a locally noetherian 
formal scheme X/x>, called completion of X along X' and, a canonical mor- 
phism k : Xjx 1 —> X. Next, we define the completion of a formal scheme X 
in NFS along a closed subscheme X' C X. Despite the construction is nat- 
ural, it has not been systematically developed in the basic references about 
formal schemes. Since the morphisms of completion will be used later we 
have opted to include them here. 

definition 1.4.8. Let X be in NFS and X' C X a closed formal sub- 
scheme defined by an Ideal I of Ox- Given J an Ideal of definition of X we 
define the completion of X along X', and is denoted X/x', as the topological 
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ringed space with topological space X' and whose sheaf of topological rings 
is given by 

°*>- = Is VTTTr*- 

The definition does not depend on the chosen Ideal of definition J of 
X. Indeed, if J' C Ox is another Ideal of definition for all affine open set 
H C X there there exists r, s G N such that J\ r u C J^Ih and C J\a 
and, therefore 

Ulu + ^|u) r c J\ r u + lW c ^'k + Xlu 
(^'lu + ^lu) s c J'\ s u + I\ii c Jlu + ^lu, 



so 



hm O x /(J+T) 

ngN 



n+1 = lim O x /( l 7' + T) n+1 . 

ngN 



It is an easy exercise to check that X/£/ satisfies the hypothesis of 
|EGA 11 (10.6.3) and (10.6.4)], from it we deduce that: 

(1) The formal scheme X/x' is locally noetherian. 

(2) The Ideal 



(l + J)/x> ■= hm (J + I)/(J + 1) 

ngNFS 



n+1 



is an Ideal of definition of X 



\n+l 



n 



(3) It holds that Ox /x ,/((l + J)/x') n+1 = Ox/(J + iy 

1.4.9. With t he above notations, if Z n = (X', O x /(J + l) n+l ) for all 
G N, bv ll.L16l we have that 



l /X' 



lim Z„ 

ngN 



On the other hand, if X n = (X, O x /J n+1 ) and X' n = (X', O x /{J n+1 + 1)), 
the canonical morphisms 

Ox 



Ox 



Ox 



jn+l (J + J)n+1 Jn+1 + J 



provide the closed immersions of schemes X' n ^> Z n -^-> X n , for all n G N 
such that the following diagrams are commutative: 



X 



X 



Zn 



Zn 



X„ 



Xn 



for all m > n > 0. Then bv ll.l.lTl we have the canonical morphisms in NFS 
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where j is a closed immersion (see Proposition 11.2. l7|) . The morphism k as 
topological map is the inclusion and it is called morphism of completion of 
X along X' . 

Remark. Observe that k is adic only if Z is contained in a Ideal of 
definition of X, in which case X = X/x an d k = lx- 

1.4.10. If X = Spf(^4) is in NFS a f with A a J-adic noetherian ring, and 
X' = Spf(A/I) is a closed formal scheme of X, then 

m /x „0 X/x ,)= |im {J+ A I)n+l =:A 



and from the equivalence of categories 1)1.1. 10. 1|) we have that X/x' = Spf(^4) 

and the morphisms X' X/x X correspond to the natural continuous 
morphisms A — > A — ► A/ 1. 

Proposition 1.4.11. Given X in NFS and X' a closed formal subscheme 
of X, the morphism of completion k : X/x ~~ * X is a flat pseudo closed 
immersion. 

PROOF. With the notations of II. 4.91 we have that 

k = lim K n 

n€N 

and, since K n is a closed immersion for all n € N, it follows that k is a 
pseudo closed immersion. In order to prove that k is a flat morphism we 
may suppose that X = Spf(>l) and X' = Spf(A/I), where A is a J-adic 
noetherian ring. Then X/x> = Spf(A) where A is the completion of A for 
the (J + J)-adic topology and, therefore, is flat over A. By Lemma 11.4.31 it 
follows that k is a flat morphism. □ 

Remark. Reciprocally, in Theorem 13.4.41 we will see that every flat 
pseudo closed immersion is a morphism of completion. 

1.4.12. Given / : X -> 2) in NFS, let X' C X and 2)' C 2) be closed formal 
subschemes given by Ideals X C Ox and C C such that f*(C)Ox C 1, 
that is, /(X') C 2)'. Put 

X' n = (X',O x /J n+1 +I), 

Y' n = (2)', Ox/K, n+l + C) for all n G N. 

Further, take J" C Ox and AC C 0*g Ideals of definition of X and 2J, respec- 
tively, such that f*(K)Ox C J. Write 

X„ = (X, x A7 n+1 ), F n = (2J, ev/c™ +1 ), 

Z n = (X',O x /( l 7 + J)" +1 ), W n = (2J / ,CV(/C + £r +1 ) forallneN. 
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Then the morphism / induces the following commutative diagram of locally 
noetherian schemes: 




for all m > n > 0. Applying the direct limit over n £ N we obtain a 
morphism / : X/x 1 ?)/2)' in NFS, that we call completion of f along X' 
and 2}', such that the following diagram is commutative: 

X — ^— >2) 



-/X' 



(1.4.12.1) 



1.4.13. Suppose that / : X = Spf(A) -» 2} = Spf(B) is in NFS af and 
that X' = Spf(A/J) and 2J' = Spf(S/L) with LA C /. li J C A and K C B 
are Ideals of definition such that iCA C J, the morphism / : X/x 1 — ¥ %)/%)' 
corresponds through formal Descartes duality 1)1.1. 10. ljl to the morphism 
induced by B — > A 

B^A 

where A is the completion of A for the (/ + J)-adic topology and B denotes 
the completion of B for the {K + L)-adic topology. 

Proposition 1.4.14. Given f : X -> 2J in NFS, let 2J' C 2J be a closed 
formal subscheme and X' = / _1 (2J'). Then, 

Proof. We may suppose that X = Spf(>4),2J = Spf(jB) and 2J' = 
Sp£(B/L) are affine formal schemes and that J C A and K C B are ideals 
of definition such that KA C J. By hypothesis, X' = Sp£(A/LA), so X/£' = 
Spf (A) where A is the completion of A for the (J + LA)-adic topology. On 
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the other hand, 2J /tg/ = Spf (B) where B denotes the completion of B for 
the (K + L)-adic topology and it holds that 

B® B A = B® B A = A, 

since J + (K + L)A = J + KA + LA = J + LA so we get the result. □ 

Proposition 1.4.15. Given f : X — > 2} in NFS, consider X' C X and 
2)' C 2] closed formal subschemes such that f(X') C 2J'. 

(1) Let V be one of the following properties of morphisms in NFS: 

pseudo finite type, pseudo finite, pseudo closed immersion, pseudo 
quasi-finite, quasi-covering, flat, separated, radical. 

// / verifies V, then so does f. 

(2) Moreover, if X' = / _1 (2J'), let Q be one of the following properties 
of morphisms in N FS : 

adic, finite type, finite, closed immersion. 

Then, if f verifies Q, then so does f. 

Proof. Suppose that / is flat and let us prove that / is flat. For that, 
we may take / : X = Spf(A) -» 2J = Spf(B) in NFS af , X' = Spf(A/J) 
and 2J' = Spf(5/L) with LA C I. Let J C A and A" C B be ideals of 
definition such that KA C J and, v4 and -B the completions of A and B for 
the topologies given by (I + J) C A and (AT + L) C -B, respectively. By 
B89, III, §5.4, Proposition 4] we have that the morphism B — > y4 is flat 
and, from ll.4.13l and Lemma 11.4.31 there results that / is flat. 

Suppose that / satisfies any of the other properties V and let us prove 
that / inherits it. From 11.2.231 11.2.261 and Proposition 11.4.111 we deduce 
that the morphism of completion k : X/x' ~ > X satisfies V and, by Corollary 
ll.M.lfil and Corollary 11.3.171 we have that /ok satisfies V . Then by the 
commutativity of diagram (jl.4.12.1|) we obtain that the composition 

£/# ^ 9/27 - ?) 

also satisfies V . Applying again Corollary 11.3.161 and Corollary 1 1 . 3. 1 7l there 
results that V holds for /. 

Finally, if / is adic from Proposition II .4. HI and Proposition II . 2 . 51 Q we 
deduce that / is adic. Then, if Q is any of the other properties and / has 
Q, by (1) we have that / satisfies Q. □ 

Corollary 1.4.16. Given X in NFS and X' C X a closed formal sub- 
scheme, the morphism of completion k : Xi%i — > X is pseudo finite type, 
pseudo finite, pseudo closed immersion, pseudo quasi-finite, quasi- covering, 
fiat, separated and radical. 



CHAPTER 2 



Infinitesimal lifting properties of morphisms of 

formal schemes 

We consider here infinitesimal lifting properties in the category NFS. 
Our basic tool is an appropriate analogue of the module of differentials, 
which we will use to obtain properties of the infinitesimal conditions. We 
will adapt the definitions from |EGA IV4I §17.3] to the case of formal 
schemes and develop its basic properties. As in loc. cit. these conditions 
show the most pleasant behavior under a finiteness condition, that in our 
case it will be to of pseudo finite type. The chapter closes with a version of 
Zariski's Jacobian criterion in this context. 



2.1. The module of differentials of topological algebras 

The usual module of differentials of a homomorphism eft : A —* B of 
topological algebras is not complete, but its completion has the good prop- 
erties of the module of differentials in the discrete case. We will recall form 
|EGA IV4I Chapter 0] some basic properties of the completed module of 
differentials Q\i B associated to a continuous morphism A — > B of adic 
rings. We will add some computations for basic examples as power series 
and restricted power series algebras. 

definition 2.1.1. {cf. |EGA 1V 4 1 §0.20.4, p. 219]) Given B -» A a 
continuous homomorphism of preadic rings and K C B, J C A ideals of 
definition such that KA C J, we denote by / the kernel of the continuous 
epimorphism 

A ®b A -> A 

where in A 0^ A we consider the tensor product topology (cf. B89| III, 
Exercise §2.28]). We define the module of 1- differentials of A over B as the 
topological A-module 

U A/B ~ p 
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with the J-adic topology 1 . We denote by £l\/ B , the completion of Sl\i B 
with respect to the J-adic topology, that is, 



n\ /D = ton n ' A/B 



A/B Tn+lOl 

neN J iL A/B 

In particular, if B — > A is a homomorphism of discrete rings we have that 
* L A/B ~ iL A/B- 

definition 2.1.2. |EGA 1V 4 1 (0.20.3.1)] Let B -> A be a continuous 
homomorphism of preadic rings and L a topological A-module. A contin- 
uous B -derivation of A in L is a map ci : A — > L satisfying the following 
conditions: 

(1) d € Homcont B (^,L) 

(2) For all ai, a% S A, we have that d{a\ ■ 02) = a\ ■ dia?) + 02 • d(ai). 

Let us denote by Dercont#(A, L) the set of continuous /^-derivations of A 
in L. Obviously Dercont^(A, L) is a subgroup of the group T>er B (A, L) of 
all /^-derivations of A in L. 

2.1.3. Given B — > A a continuous homomorphism of preadic rings, let 
j'l : A — > A <8>b A, j'2 : i ^ A ®b i be the canonical continuous />- 
homomorphisms given by ji(a) = a <g> 1, .72(a) = 1 <8> a. If we denote by pi 
and £>2 the canonical continuous /j-homomorphisms 

A^ A® B A^{A® B A)/I 2 y A ^ A ® B A ^> (A ® B A)/I 2 , 

respectively, where p is the canonical projection, there results that 

d-A/B ■= Pi ~ P2 ■ A -> 

is a continuous /^-derivation; and it is called the canonical derivation of A 
over B. The continuous /^-derivation d^/B extends naturally to a continuous 

/^-derivation (which, with an abuse of terminology, we will call canonical 
complete derivation of A over B) 

A dA/B : nl 

such that the following diagram is commutative: 

A ► A 



d A/B 



o 1 > 6 1 

11 A/B y A/B 

In particular, if B — > A is a homomorphism of discrete rings there results 
that d A / B = d A /B- 



^Notice that the J-adic topology in £l\/ B agrees with the quotient topology of the 
topology induced by A ® B A on I (cf. EG A 1V 4 | (0.20.4.5)]) 
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Remark. Given B — ► A a morphism of noetherian adic rings, in general 
Sl\i B is not a complete ^-module. 

Notation. Given A a J-preadic ring, we will denote by yl-comp the 
category of complete ^4-modules for the J-adic topology. With this notation, 



if B —* A is a continuous homomorphism of preadic rings, then 
^4-comp. 



A/B 



2.1 A. Let 1? — > A be a morphism of preadic rings. If J C ^4 is an ideal of 
definition we denote by A the complete ring of A for the J-adic topology. For 
all M G A-comp the isomorphism Homcont^f^^, M) = Derconts^, M) 

(cf. |EGA IV4l (0.20.4.8.2)]) induces the following canonical isomorphism 
of B-modules 



HomcontA {& A/B , M) = Dercont B (A,M) 



u 



u o d 



A/B- 



(2.1.4.1) 



That is, (Q, A ^ B ,d A / B ) represents the functor 



M G A-comp Derconts(A, M). 
In particular, if M is a ^4/J-module we have the isomorphism 
Bom A (n\ /B ,M) = Der B (A, M). 



(2.1.4.2) 



2.1.5. Given a continuous morphism of preadic rings B — > A, let K C B 
and J C 4 be ideals of definition such that KA C J. For all n G N, if we 
put A n = A/J n+1 and B n = B/K n+1 , there is a canonical isomorphism 

(tt A/B ,d A/B ) = ( lim n\ n/Bn , lim d An/Bn ). 

ngN n€N 



Indeed, for each n G N we have that d^/^ ®a ^4n : — * ^a/b ® a ^ n * s a 
continuous i3 n -derivation and, therefore by (|2.1.4.1|) there exists a morphism 
of A„-modules u n : Q A ^ B — * Q A / B <8>a A n such that the following diagrams 
are commutative: 



d A /B®AA m 
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for all m > n > 0. Applying inverse limit we conclude that there exists a 
morphism of A-modules 

u: |im ^4 r / Rr -> such that uo hm rf A „/ Br , = d A/B . 

neN neN 

Since 

fca d An/Bn € Dercont B (A, hm ^ n/Bn ), 

nGN ngN 

by uniqueness (up to canonical isomorphism) of the pair (£l A / B ,d A / B ), we 
deduce the result. 

Remark. Given B — > A a morphism of preadic rings, let K C P, J C A 
ideals of definition such that KA C J. As a consequence of l2.1.5l there results 
that 

@\ /B ,d A/B )*(n\ /S ,d2 /S ) (2.1.5.1) 

where A and -B denote the completions of A and B, with respect to the J 
and if-preadic topologies, respectively and & A / B and ^jj,g denote the com- 
pletions of A and B, with respect to the K-preadic and KB-adic topologies, 
respectively. 

2.1.6. Given a discrete ring A and T = T%, T 2 , . . . T r a finite number 
of indeterminates, the canonical derivation of A[T] over A, d := d A m/ A , is 
given by 

^[ T ] > ^A[T]/A 

p = p(T) - ELift^ 

and ^^[x]/^ is a free A[T]-module of rank r with basis {dT\, dT 2 , ■ ■ ■ , cff r }. 

In the following example this fact is generalized for the formal power 
series ring and for the restricted power series ring over an adic noetherian 
ring A. 

Example 2.1.7. Let A be an adic noetherian ring and consider the inclu- 
sion A ^ A{T}[[Z\] = A{T U T 2 , . . . , T r }[[Zi, Z 2 , . . . , Z s ]]. The canonical 
derivation d : A[T, Z] — > f2^[ T z y A induces the complete canonical deriva- 
tion d:= d A{T}[[z]]/A of A{T}[[Z]] over A 

A{T}[[Z]] M Q\ 



P = P(T,Z) - E r =i 0P dTi + E s 9P dZj 



"A{T}[[Z]]/A 

It holds that ^{t}[[z]]/a ^ s a ^ ree -A{T}[[Z]]-module of rank r + s, since 

r s 

^ { t}[[z]]/a ^a[t,z]/a^0^{T}[[ZPT 4 0A{T}[[Z]]^. 

1=1 J=l 



2.1. DIFFERENTIALS OF TOPOLOGICAL ALGEBRAS 37 

Hence, we deduce that {dTi, (IT2, . . . , dT r , dZ\, . . . , dZ s } is a basis of the 
free module tl\ {T}m/A . 

Proposition 2.1.8. Let f : X = Spf(A) -► 2) = Spf(B) 6e a pseudo 
finite type morphism in NFS. Then Q A i B is a finite type A-module. 

PROOF. Let J C A and K C B be ideals of definition such that KA C J. 
By hypothesis we have that Bq = B/K — > Ao = A/ J is a finite type 
morphism and therefore, f2^ o y Bo is a finite type Ao-module. From the Second 
Fundamental Exact Sequence (c/. |EGA IV4I (0.20.5.12.1)]) associated to 
the morphisms of discrete rings B — > A — > Ao 

J^ /B ® A A -> ^Ao/Bo -» 

we deduce that fi^ s <8u A) = ^\/ B l ' ^ A/b 15 a Ao-module of finite type and 
from ECxXT] (0.7.2.7)] it follows that &\ /B is a finite type A-module. □ 

Note, however, that even if / : X = Spf(A) — » 2) = Spf(£?) is a pseudo 
finite type morphism in NFS, the following Example (|2.1.9|) shows that, in 
general, ^\j B is not a finitely generated A-module. 

Example 2.1.9. E95[ Exercise 16. 14. a] Let Q be the field of rational 
numbers and R = Q[[T±, T2, . . . , T r ]]. Then is not a finitely generated 

i?-module. 

Lemma 2.1.10. Let f : X = Spf(A) -»■ 2) = Spf(S) 6e a pseuc/o /irate 
type morphism in NFS a f. Then: 

(1) If B' is an adic ring such that B' is a topological B-algebra and 
A' = B'® B A it holds that 

^A'/B' — ^\/B ®A A! • 

(2) If S C A is a multiplicative subset we have that 

^A/b{S X } — ^AiS-^/B — ^A/B ®A A{S }. 

(3) For all open prime ideal p of A there results that 

^A {py /B ~ (& 1 A/b){p} ~ ^A p /B- 

Proof. As for (1) it suffices to observe that the induced topology in 
^A/B ® A ^ * s one Si ven by the topology of A' and therefore as a con- 
sequence of the canonical isomorphism of A'-modules &\i/ B i — ^\/B ® A ^ 
(cf. |EGA 1V 4 [ (0.20.5.5)]) it holds that 

ft\, /B , = Q} A/B ® A A' | Jj( , , A g = o 7 7 1}] £l A/B ®AA'. 
From Proposition [2XH1 we get that £l\i B is a A-module of finite type hence, 

^A'/B' — ^A/B ®^ A'. 
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Property (2) is deduced from the canonical topological isomorphisms 

^A/BiS- 1 } = ^A/bIS- 1 } | EGA1V J (0 2Q 5 9)1 n S-^A/B ^ W 

Property (3) is consequence of property (2). Indeed, for all open prime 
ideals p of A it holds that: 

@a/b){p} = ( l M ("WmLfJ Ins 



|EGA IV 4 | (0.20.5.9)] 



~° ^A/B^^^-fp} ~~ ^A/i?®^^P — ^4 /r 

^z- 1F/ A I D r T?C1 A TV J en 90 K QM ^p/^ 



The two last identifications follow from the isomorphism 1)2.1. 5. ljl keeping 
in mind that ^4{p} = A p . □ 

2.2. The module of differentials of a pseudo finite type map of 

formal schemes 

Given / : X — * Y a finite type morphism of schemes, is well-known that 
OL^y, the module of 1-differentials of X over Y, is an essential tool for study 
the smooth, unramified or etale character of /. In this section, we introduce 
the module of 1-differentials for a morphism / : X — > 2J in NFS and discuss 
its fundamental properties, which will be used in the characterizations of the 
infinitesimal conditions in Section \2. 51 We can not use the general definition 
for ringed spaces, because it does not take into account the topology in the 
structure sheaves. Our construction will be based on the affine construction 
developed in the previous section. 

2.2.1. Let / : X = Spf(A) -»■ 2) = Spf(B) be a pseudo finite type 
morphism in NFS a f. From the two last results in the previous section we 
obtain that: 

(1) For all S C A multiplicative subset, 0^ B {5'~ 1 } is a A{S'~ 1 }- 
module of finite type. 

(2) For all open prime ideal p C A, {^\/b){p} = lim (^aab){/} * s a 

j4{p}-module of finite type. 

Next, we establish the needed preliminaries for sheafifying our construc- 
tion and define the differential pair ^£/2}) °^ a mor phism X — > 2J in 
NFS. 

2.2.2. [EGA 11 (10.10.1)] Put X = Spf(A) with A a J-adic noetherian 
ring, X = Spec(A) and X' = Spec(A/J), so we have that X = X/x'- Given 
M a ^4-module, we define the topological C^-Module 
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Moreover, a morphism u : M — ► A in A -mod corresponds to a morphism of 
Ox-Modules {t : M — » TV that induces a morphism of O^-Modules 

M A ^ A A = nm ^ 



*J n+1 M J^A 



So we get an additive covariant functor from the category of ^4-modules to 
the category of O^-Modules 

A-mod Mod(X) (2 2 2 1) 



M -w M A . 

If M € A -mod and M denotes the complete module of M for the J-adic 
topology, we easily deduce that (see the definition of the functor A): 

(1) T(X,M A ) = M, 

(2) for all feA, T(2)(/),M A ) = M {/} , 

(3) and M A = M A . 

Lemma 2.2.3. Put X = Spf(^4) with A a J-adic noetherian ring. Then: 

(1) The restriction of the functor (— ) A to the category A-comp is a 
full faithful functor. 

(2) The functor (— ) A is exact in the category of A-modules of finite 

type. 

(3) |EGA il (10.10.2)] The functor (— ) A defines an equivalence of cat- 
egories between finite type A-modules and the category Coh(j£) of 
coherent Ox-Modules. 

Proof. As for (1), it suffices to show that given M, A G yl-comp, then 

Hom j4 (M, A) Hornet (M A , A A ) 

Indeed, given M —* A in ^4-comp, by |EGA II (1.3.8)] it corresponds biu- 
nivocally to a morphism M — > A that induces a morphism of O^-Modules 
M A — > A A . Reciprocally, every morphism M A — > A A in Mod (36) gives a 
morphism in ^4-comp 

r(3t, M A ) = M -> r(x, A A ) = A. 

In order to prove (2) let — ► M' — > M — > M" — ► be an exact sequence 
of finite type ^4-modules. Then, given p C A an open prime ideal, for all 
/ € .A\p it holds that — > M',^ — > Mj-j-y — > Mryn — > is an exact sequence 
of ^4{j}-modules and, therefore, we have that 

_> M | p} - M {p} -> Mf p} -> 

is an exact sequence of ^4{ p }-modules. 

Finally, by (1) the proof of (3) amounts to check that given T £ Coh(3t) 
the A-module M = T(X, J 7 ) is finitely generated and M A = T (see |McL71| 
IV, §4, Theorem 1]). The reader can find this verification in |EGA l| 
(10.10.2.9)]. 
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□ 

In the following definition we transfer to the geometric context of locally 
noetherian formal schemes the definition of continuous derivation. 

definition 2.2.4. Let / : X — > 2J be in NFS and T a topological Ox- 
Module. A continuous 2J- derivation of Ox in T is a continuous homomor- 
phism of sheaves of abelian groups d : Ox — ► F such that, for all open it C X 
if we put d\x = r(il, d), the following conditions hold: 

(1) For all oi, a 2 G T(iX,Ox), 

4t(«l ■ o 2 ) = ai • d u (a 2 ) + a 2 ■ du(a{). 

(2) For all open 93 C 2J such that /(it) C 93, 

<k(&|ix-a) = &|ix- dii(a), 

for all 6 G r(93, Og), a G 
The set of continuous 2J-derivations of Ox with values in T is denoted 
by Derconttg((9x ) -T 7 )- 

Remark. Definition 12.2.41 generalizes to formal schemes the definition 
of y-derivation for a morphism X — > Y of usual schemes (c/. |EGA IV4I 
(16.5.1)]). 

2.2.5. Let X = Spf(A) -> 2J = Spf(B) be in NFS af and consider J C A 
and K C B Ideals of definition such that KA C J. If X = Spec(A), given 
M G A-mod and d G Dercont B (^, M) we define d A G Dercont^C^, M A ) 
as 

O x ^M*= lim ( 1 & °'°'». M 



nGN 



In particular, the complete canonical derivation of A over 5, d^/^, induces 
the continuous 2J-derivation 

Ox (6W A = lim (JL gjg^ 

tiS J" +1 A ^ n+1 ^A/s 

definition 2.2.6. Given / : X 2J in NFS we call module of 1- differen- 
tials of f or module of 1- differentials of X over 2J and we will denote it 
by or ^^/gj, the sheaf associated to the presheaf of topological Ox- 

Modules locally given by (JT^ B ) A , for all open sets it = Spf(A) C X and 

93 = Spf(S) C 2J with /(it) C 93. Note that has structure of 

Module.^ 

Let d%j<g : Ox — > De ^ ne morphism of sheaves locally defined by 
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for all couple of affine open sets il = Spf(A) C X and 2J = Spf(B) C 2J such 
that /(il) C 23. The morphism dx/fg is a continuous 2J-derivation and it is 
called canonical derivation of X over 2J. We will refer to (fl^/a,; <fe/sg) as 
the differential pair of X over 2) . 



2.2.7. If Spf(A) -» Spf(B) is in NFS af , the differential pair of X over 2J 



is 



m\ /B ) A , (d A/B ) A ). 

In particular, if X = Spec(^4) — > Y~ = Spec(-B) is a morphism of usual 

schemes, there results that (fl^yy, cZx/y) = (Ax/y^A/y) = (^a/B' ^a/b) 
and it agrees with the definition of the differential pair of a morphism of 
affine schemes (cf. |EGA 1V 4 1 (16.5.1)]). 

Proposition 2.2.8. Let f : X — > 2) 6e a morphism in NFS of pseudo 
finite type. Then fl^/sg « coherent sheaf. 

Proof. We may suppose that f : X = Spf(A) -> 2J = Spf(B) is in 
NFS a f. Therefore, since ^^/2) = ^he resm t is deduced from Propo- 

sition 12.1.81 and from the equivalence of categories 12,2.31 (jHJ) . □ 

Example 2.2.9. Let X be in NFS. From Example l2~l~T| we have that 

f2jjj 3 /~ is a locally free 0B s r -Module, in fact, free of (constant) rank r + s. 

A x 1 A * 

Proposition 2.2.10. Let f : X -> 2J be in NFS and J C O x and 
K, C Osg 6e Ideals of definition such that f*(JC)Ox C T/ien 

(^/2)»4/sg) = ( l™ n jc n /v»' 1™ )■ 



neN 



Proof. For all n € N, the morphism d^/sg induces a Y„-derivation 



Ox n :0 Xn 



Oxn- By |EGA IV 4 [ (16.5.3)] there exists 

a morphism u n : fl^ ^ y — > fl^/sg !8>e> s Ojfn of 0x„-Modules such that for 
all m > n > the following diagrams are commutative 



t X m /Y m 



9} 

X m fYrr, 




®O x Oa„ 




-» nayg, ®o x Oa„ 
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Therefore, applying inverse limit we get a morphism of Ox-Modules 
I™ n x n /Y n ^ such that wo lim d Xn/Yn = dx/y. 

n€N n eN 

In order to show that u is an isomorphism we may suppose that / : X = 
Spf(j4) — ► 2) = Spf(-B) is in NFS a f and therefore the result follows from 
12X51 □ 

Remark. In |LNS05l 2.6] the module of differentials of a morphism 
X — > 2J in NFS is defined via the characterization given in Proposition l2.2.iTH 
Therefore our definition agrees with the one in loc. cit. In our approach it 
will be a key fact that it represents the functor of continuous derivation. 

Given X — > Y a morphism of schemes in |EGA IV4 (16.5.3)] it is estab- 
lished that [Qr x ,y,dx/Y) is the universal pair of the representable functor 
T € Mod(X) Dery {Ox, J 7 ). In Theorem 12.21 this result is generalized 
for a morphism X — ► 2) in NFS. In order to do that, we need to define the 
category Comp(X) of complete 0£- Modules. 

2.2.11. Given X in NFS and J C Ox an Ideal of definition of X we will 
denote by Comp(X) the category of Ox-Modules T such that 

T= Km {T® 0x OxJ. 

neN 

It is easily seen that the definition does not depend on the election of the 
Ideal of definition of X. 
For example: 

(1) Given X = Spf(-A) in NFS a f and J C A an ideal of definition for all 
j4-modules M, it holds that 

M A = lim € Comp(X). 

niN J n+1 M 

(2) Let X be in NFS. For all T G Coh(X), by |EGA II (10.11.3)] we 
have that 

^= hm {T®o x Xn ) 

neN 

and therefore, Coh(X) is a full subcategory of Comp(X). In partic- 
ular, given / : X — > 2) a pseudo finite type morphism in NFS, from 
12.2.81 we get that ^x/2) e Comp(X). 

Now we are ready to show that given X — > 2) a pseudo finite type 
morphism in NFS, {^xm, dx/tg) is the universal pair of the representable 
functor 

T G Comp(X) Dercont2)(Ox, T). 
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cor Let / : 3t — > 2) be a morphism in NFS. Then given T G Comp(X) we 
have a canonical isomorphism 

Hom(0^,^, .F) — ► Dercontsg(0£, .T 7 ) 

Proof. Let J" C Ox and K C 0<g be Ideals of definition such that 
f*{K,)Ox C J7\ Use these choices to express 

/= Km (f n :X n ^Y n ). 

neN 

We are going to define the inverse map of (p. Given d G Dercontsg(Ox) 
for all n G N it holds that 

d ®o x O x „ G Dery n (C Xn , ^ ®o x 0xj and d = lim (d ®o x Ox n ) • 

There results that 

Hom(^ n/yn ,^0 Ox Xn ) * Dery n (0 Xn ,.F® 0a O x J 
and therefore, there exists a unique morphism of 0x n -Modules 

ll X n /Y n * J~n 

such that u n o d Xn iy n = d<S>e> x Ox n , for all n G N. Moreover, for all couples 
of integers m > n > there exists a unique morphism of Xm -Modules 
v nm : illr lv — > fli /v such that the following diagram 

o Xm ^^n Xm/Ym ^r®o x o Xm 



o Xn n Xn/Yn ^ t ®o x o Xn 

is commutative. That is, (u n ) n ^ is an inverse system of morphisms and by 
Proposition 12.2. 10l it induces a morphism of Ox-Modules 

^■x/Z) lim T ®o x Xn 

such that u o dx/sg = d. If we define 

Dercont2)(Ox; Hom(r2^^, J 7 ), 

d u 

it is easily shown by construction that ip and (p are inverse maps. 

The naturality is obvious. □ 

Lemma 2.2.12. Let f : X — > 2) be a morphism in NFS. Then given 
T G Comp(X) we have that 

UT= lim (/*JF® 0?) Yn ) 
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and therefore, f*T is in Comp(2)). 



Proof. Let J C Ox and K. C 0<y be Ideals of definition such that 
/*(/C)0£ C JT. For all n £ N we have the canonical morphisms — > 
Z*^ 7 <8>o«j, Oy n that induce the morphism of Og-Modules 



UT^ lim (fiFVoy Oy n ) 



To see wether it is a isomorphism is a local question, therefore we may 
assume that f : X = Spf(A) 2) = Spf(-B) is in NFS af , J = J A and 
/C = with J C A and K C B ideals of definition such that KA C J. 
Then M = T(2), is a complete l?-module for the / _1 (J)-adic topology 
and since K C f~ 1 (J) we have that 



M 



lim 

neN 



M 



and the result follows. 



□ 



Proposition 2.2.13. Given a commutative diagram in NFS of pseudo 
finite type morphisms: 

X >2) 



2)' 



there exists a morphism of 0%i- Modules g*Q\ 



\m — ► ^^//g/ locally defined 
by dx/<x)a ® 1 — * dx>/z)>g(a) (equivalently, there exists a morphism of Ox- 
Modules &>x/2) — * S*^£//<g/ locally defined by dx/%) dx>/%)>g(a)). If the 
diagram is cartesian, the above morphism is a isomorphism. 

g* d x' v ?)' 



Proof. The morphism — > 9*0*' 



o*fiL /STV is a continuous 



2)-derivation. Applying Proposition 12.2.81 and Lemma 12.2.121 we have that 
5*^2^, i<q, £ Comp(X) and therefore by Theorem 12.21 there exists an unique 

morphism of 0^-Modules &x/<g — > fl 1 *^^'/?)' sucn that the following diagram 
is commutative 



9* 



Q*Qxi /2)' 

Equivalently, there exists a morphism of ©^/-Modules 9*^x/^ 
locally given by dx/^a 8 1^ ^x'/g'fffa)- 
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Let us assume that the square is cartesian. We may suppose that X = 
Spf(^), 2J = Spf(S), 2J' = Spf(B') a nd X' = Sp{(A® B B') are in NFS af and 
therefore the result is consequence of 12.1.101 (flj). □ 



With the notations of the previous proposition, if 2) = 2J' the morphism 



g*Q,£,2j — > ^X'/%) * s denoted by dg and is called the differential of g over 



Corollary 2.2.14. Given f : X — > 2) a finite type morphism in NFS 
consider /C C 0<g and J = f*(IC)Ox C Ox Ideals of definition such that we 
express f = lim (/„ : X n — > Y n ). T/ien /or all n we have that 

nGN 

PROOF. Since / is an adic morphism, from Proposition 11.2.51 we have 
that the diagrams 

X— ^2J 



Y ^ i V 
■^n ' 1 n 

are cartesian, Vn > 0. Then the corollary is deduced from the proposition. 

□ 

In the following example we show that if the morphism is not adic, the 
last corollary does not hold. 

Example 2.2.15. Let K be a field and p : — > Spec(if) the projection 
morphism of the formal disc of 1 dimension over Spec(i^). Given the ideal 
of definition [[T]] C K [[T]]] such that 

p = lim p n 



it holds that = but, 



"J ®O n i. Spec(K) ^(K[[T]]dT) A ® K[{T]]A K - K + 0. 



2.3. Fundamental Exact Sequences of modules of differentials of 

formal schemes 

We extend the usual First and Second Fundamental Sequences to our 
construction of differentials of pseudo finite type morphisms between formal 
schemes. They will provide a basic tool for applying it to the study of the 
infinitesimal lifting. Also, we will give a local computation based on the 
Second Fundamental Exact Sequence. 



16 



2. INFINITESIMAL PROPERTIES OF MORPHISMS 



Proposition 2.3.1. (First Fundamental Exact Sequence) Let f : X — > 2) 
and g : 2J — > 6 6e two morphisms in NFS of pseudo finite type. There exists 
an exact sequence of coherent Ox-Modules 

/*(^2)/e) — 7 ^x/e ^aj/sg — * (2.3.1.1) 
where $ and \I/ are locally defined by 

<%e & ® 1 ~* d x/e f(b) d x/e a ~» a^/ga 

Proof. The morphism of (^-Modules $ : /*^g/ s — > is the 

differential of / over S. Since dx/<g '■ Ox — > * s a continuous ©- 

derivation, from Theorem l2.2l there exists a unique morphism of Ox-Modules 
$ : 0^/ e — ► O^/g such that ^ o d^/s = ^x/a)- 

As for proving the exactness, we can argue locally and assume that 
/ : X = Spf(A) -» 2J = Spf(B), a : 2J = Spf(S) -> 6 = Spf(C ) are ps eudo 
finite type morphisms. The sequence of coherent ©^-Modules (|2.3.1.1|) cor- 
responds via the equivalence between the category of finite type A-modules 
and Co\r\(X) l2.2.3K |3*|). to the sequence 

&b/c ®b A^> tt\ /c ^ h\ /B -> 

Therefore, it suffices to prove that the above sequence is exact. Let J C 
A, K C B and L C C be ideals of definition such that LB C K, KA C J 
and for all n G N put A n = A/J n+1 , B n = B/K n+1 and C n = C/L n+1 . For 
all couples of integers m > n > we have a commutative diagram of finite 
type ^m-modules 












Ker 'F 



where the horizontal sequences correspond with the First Fundamental Ex- 

act Sequences for the morphisms of (discrete) rings Cj — > Bj — > Aj for 
j € {n,m}. Since the vertical maps are surjective and Im<I> is a finite type 
^4-module we deduce that 

)m @B«/C n ®B n A n ^ nA n /C n ^ &A n/Bn -> 0) = 
neN 

= &b/c ®B A — > Vl\ /c f^ /B -> 
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is an exact sequence. □ 

2.3.2. Let / : X — > 2) be a pseudo finite type morphism in NFS, and 
J C Ox and K, C be Ideals of definition with f*(K,)0% C J and 

/ : X -> 2} = lim (/„ : X n -> F n ) 

the relevant expression for /. For all n £ N, from the First Fundamental 
Exact Sequence ()2.3. l.lj) associated to f n : X n — > Y n 2), we deduce that 

2.3.3. Given X' X a closed immersion in NFS (Definition 11.2. 13|) 
we have that the morphism i* : i~ 1 (Ox) — > Ox 1 is an epimorphism. If 
JC := ker(^) we call the conormal sheaf of X' over X to Cx'/x := ^/^C 2 - 

It is easily shown that Cx'/x verifies the following properties: 

(1) It is a coherent Ox'-nic-dule. 

(2) If X' C X is a closed subscheme given by a coherent Ideal I C 0£, 
then Cx'/x = i*(I/Z 2 ). 

Proposition 2.3.4. (Second Fundamental Exact Sequence) Consider a 
pseudo finite type morphism in NFS, / : X — > 2J anc? a closed immersion 

X' <^-> X. There exists an exact sequence of coherent Ox 1 -Modules 

Cx'jx **^x/2) — * ^X'/2) — * (2.3.4.1) 

Proof. The morphism <]? is the differential of i, given by Proposition 
12.2.131 and is defined by dx/2) a ® 1 d&mifa). If X C Ox is the Ideal that 
defines the closed subscheme i{X') C X the morphism 5 is the one induced 
by c?x/2)|x : X — ► ^x/y ^ s ^ or showing the exactness we may suppose that 
X' = Spi(A/I) ^ X = Spf(A), 2} = Spf(S) are in NFS af . With these 
hypothesis the Second Fundamental Exact Sequence corresponds through 
the equivalence 12.2.31 (|3|) between the category of finite type ^4/J-modules 
and Coh(X'), to the sequence 



p ~* * l A/B ®^J^ ll {A/I)/B 



It suffices to show that this sequence is exact. Let J C A and K C B 
be ideals of definition such that KA C B and put A n = A/J n+ , B n = 
B/K n+1 , I n = I + J n+1 /J n+1 and ^ = A n /I n , for all n € N. Then, for 
m > n > 0, we have the following commutative diagrams of finite type 
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A' -modules 




Ker <£ n 

where the horizontal sequences are precisely the Second Fundamental Exact 
Sequences of the homomorphisms of discrete rings Bj — > Aj -» Aj/Ij for 
j € {n,m} and the vertical maps are surjective. Since Imd is a finite type 
A 1 1- module there results that 



ins (72 - 

I 



n 1 

n 



- — O 1 
is an exact sequence. 



3a„ A' r 
A $ 

7 



o 



0) 



ax 



(f)/B 



□ 



Remark. Throughout this work and following the usual practice in 
the case of schemes (see |EGA IV4I , |AK70j and |H77j ). we will use the 
slight abuse of notation of writing the Second Fundamental Exact Sequence 

associated to a closed immersion X' A X given by an Ideal 2 C Ox and a 
morphism X — > 2) in NFS, in any of the following ways: 







6 1 



Ox' 



6 1 



1 in 1 

j 2 S %/2) 



whichever is convenient for our exposition. 



As it happens in Sch the Second Fundamental Exact Sequence leads 
to a local description of the module of differentials of a pseudo finite type 
morphism / : X — > 2J in NFS. 



2.3.5. Let / : X = Spf(A) -► 2J 
pseudo finite type, then it factors as 



Spf(-B) be a morphism in NFS a f of 



X = Spf(A) ^ 



Spf( J B{T}[[Z]])^2J = S P f(S) 



2.4. DEFINITIONS OF THE INFINITESIMAL LIFTING PROPERTIES 
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where r, s £ N, p is the canonical projection and j is a closed immer- 
sion given by an Ideal 2 = I A C On\ with / = (P\, P2, . . . , Pk) C 

.B{T}[[Z]]. The Second Fundamental Exact Sequence (|2,3.4,1|) associated to 

j p 

X <—> D^r — > 2) corresponds through the equivalence between the category 
of finite type A-modules and Coh(X) 12.2.31 (|3*|). to the sequence 

jf ^ ^B{T}[[Z]]/B ®B{T}[[L]] A ^ ft\ /B -» 0. (2.3.5.1) 

Let us use the following abbreviation d = d_B{T}[[z]]/B- We have seen in 
Example 12 . 1 . 71 that {dT\, dT2, . . . , dT r , dZ\, . . . , dZ s } is a basis of the free 
-B{T}[[Z]]-module ^b{t}[[z]]/s - Therefore, if a\, 02, ... , a r , a r+ \, . . . , a r+s 
are the images of Ti, T2, . . . , T r , Z\, . . . , Z s in A, by the definition of $ we 
have that 

^A/B = (dA/B a ii d-A/B a 2, ■ ■ ■ , d A / B a r , d A / B a r+ \, . . . , d A / B a r+s ) 
and from the exactness of ()2.3.5.1j) it holds that 

^1 ^ ^B{T}[[Z]]/B ®B{T}[[Z]] A 

A/B ~ (dPi ® 1, dP 2 ® 1, . . . , dP k ® 1) 
or, equivalently, since the functor (— ) A is exact, 

(dPi®l,dP 2 <g>l,...,dP fe <g>l) A ' 

2.4. Definitions of the infinitesimal lifting properties 

In this section we extend Grothendieck's classical definition of infinites- 
imal lifting properties in the category of schemes (c/. EGA IV4, (17.1.1)]) 
to the category of locally noetherian formal schemes and we present some 
of their basic properties. 

DEFINITION 2.4.1. Let / : 3t — > 2) be a morphism in NFS. We say that / 
is formally smooth (formally unramified or formally etale) if it satisfies the 
following lifting condition: 

For all affine 2)- scheme Z and for each closed subscheme T <^-> Z given 
by a square zero Ideal 1 C Oz the induced map 

Hom^Z, X) — ► Hom^T, X) (2.4.1.1) 

is surjective (injective or bijective, respectively). 

So we have that / is formally etale if, and only if, is formally smooth 
and formally unramified. 

We stress that in the lifting conditions (|2.4.1.1|) the schemes T and Z are 
not necessarily locally noetherian. These definitions agree with the classical 
definitions of the infinitesimal conditions given in |EGA IV^ (17.3.1)] for 
a morphism / of ordinary schemes. 
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Remark. If the lifting condition (|2.4.1.1|l holds for a square zero Ideal 
X C Oz, then it also holds true for nilpotent Ideals. Indeed, let Z be an affine 
2J-scheme and let T C Z be a closed subscheme given by an Ideal 1 C Oz 
such that 2 n+1 = 0, for any n £ N. If we call the closed subscheme of Z 
given by the Ideal l k+1 C O z , we have that for all < k < n, the canonical 
morphisms <^-> T^+i are closed immersions given by a square zero Ideal. 
Then, the map Hom(g(Tfc + i, X) — ► Homfg(Tfc,X) is surjective (injective or 
bijective), for all < k < n and therefore, Honi2)(Z, X) — ► Homsg(T, X) is 
surjective (injective or bijective, respectively). 

Given / : X — * 2J in NFS, in the next proposition it is proved that 
the lifting condition (|2.4.1.1|) extends to every affine noetherian 2J-formal 
scheme 3 and every closed formal subscheme X 3 given by a square zero 
Ideal IcC 3 . 

PROPOSITION 2.4.2. Let f : X — ► 2J 6e in NFS. // i/ie morphism f is 
formally smooth (formally unramified or formally Stale), then for all affine 
noetherian 2J -formal scheme 3 and for all closed formal subschemes X <^-> 3 
given by a square zero Ideal I C ©3, i/te induced map 

Hom2)(3, X) — ► Hom^CT, X) (2.4.2.1) 

zs surjective (injective or bijective, respectively). 

PROOF. Let X = Spf(C/J) <^-> 3 = Spf(C) be a closed formal subscheme 
given by a square zero ideal I C C . Let L C C be an ideal of definition, 
then the embedding X 3 is expressed as 

C C 
lim (T n = Spec( ) ^> Z n = Spec(— T )) 

where the morphisms j n are closed immersions of affine schemes defined by 
a square zero Ideal. Given «:T->Ia 2J-morphism, we will denote by u' n 
the morphisms T n X —> X such that the diagrams 

n > 



X^-^2J 

commute for all n G N. 

Suppose that / is formally smooth, then we will construct a collection of 
2J-morphisms v' n : Z n — > X such that i4|t„ = u' n an d v 'n\z„-i = v ' n ~\- The 
2)-morphism 

■y := lim (v' n : Z n — > X) 

will satisfy u|<j; = u. Indeed, since / is formally smooth, there exists a 2J- 
morphism v' : Zo — > X such that v |t = u q- By induction on n, suppose 
that we have constructed 2J-morphisms v' n : Z n — > X such that ?4Jt„ = 



2.4. DEFINITIONS OF THE INFINITESIMAL LIFTING PROPERTIES 



51 



and v' n \z n _ 1 = v' n -\- Let us define v' n+1 . The morphisms u' n+1 and v' n induce 
a 2)-morphism 



T n+1 Y[ Zn = SpeC ( 



c 



c N < +1 



c 



I + L U + 2 I +L n + 1 L n + X 



such that the diagram, where the composition of the middle horizontal maps 

IS jn+l, 

n 




n+1 



is commutative. Then, since / is formally smooth and i a closed immersion 
defined by a square zero Ideal, w' n+l lifts to a 2)-morphism v' n+1 : Z n+ i — > X 
that satisfies < +1 |t„ +1 = <+i and < +1 |x n = <+iU„ = <■ 

If / is formally unramified, assume there exist 2)-morphisms v : 3 — * X 
and it; : 3 — > X such that v\% = w\% = u and let us show that v = w. With 
the notations established at the beginning of the proof consider 



v = lim (v' n : Z n 

neN 



X) and w 



lim 

nGN 



>n : Z r, 



X) 



such that the diagram 




commutes. By hypothesis we have that v' n = w' n for all n G N and we 
conclude that 

v = lim v' n = lim w' n = w. 

neN neN 

□ 



2.4.3. In definition 12.4. II the test morphisms for the lifting condition are 
closed subschemes of affine 2)-schemes given by square-zero ideals. An easy 
patching argument gives that the uniqueness of lifting conditions holds for 
closed subschemes of arbitrary 2)-schemes given by square-zero ideals. This 
applies to formally unramified and formally etale morphisms. 
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Corollary 2.4.4. Let f : X — ► 2J 6e in NFS. // i/ie morphism f is 
formally unramified (or formally etale), then for all noetherian 2) -formal 
schemes 3 and for each closed formal subscheme % 3 given by a square 
zero Ideal Z C 03, i/ie induced map 

Homg>(3, X) — ► HomgCT, X) (2.4.4.1) 

is injective (or bijective, respectively). 

Proof. Given {2J Q } a covering of affine open formal subschemes of 3, 
denote by {ii a } the covering of affine open formal subschemes of I given 
by ii a = 23 a n 1, for all a. By IEGA 11 (10.14.4)] ii a ^ 2J a is a closed 
immersion in NFS determined by a square zero Ideal. Given u : T — > X a 
2J-morphism, put u a = nlu^, for all a. If / is formally smooth (formally 
unramified or formally etale) by Proposition ^. 4. 2H for all a there exists (there 
exists at most or there exists a unique, respectively) 2)-morphism v a : QJ Q — > 
X such that UqIi^ = it a . In the case formally unramified, (by uniqueness) 
glueing the v a we obtain that there exists at most a 2)-morphism v : 3 — > 
X such that f|x = n. And in the case formally etale (by existence and 
uniqueness) glueing the v a we get that there exists an unique 2J-rnorphism 
v : 3 — > X such that v\% = u. □ 

2.4.5. Let / : Spi(A) -> Spf(B) be in NFS af . Applying formal Descartes 
duality Ijl.l.lO.lj) . we have that / is formally smooth (formally unramified 
or formally etale) if, and only if, the topological i?-algebra A satisfies the 
following condition of lifting: 

For each ( discrete ) ring C and for all continuous homomorphisms B —* 
C , given a square zero ideal I C C, the induced map 

HomcontB.Aig(AC) -> Homcont B -Ai g 04, C/I) (2.4.5.1) 

is surjective (injective or bijective, respectively). A topological -B-algebra 
A that satisfies the condition (|2.4.5.1|) is called formally smooth (formally 
unramified or formally etale, respectively) (cf. EG A IVil (0.19.3.1) and 
(0.19.10.2)]). 

A basic reference for the fundamental properties of the infinitesimal lift- 
ing conditions for preadic rings is |EGA IVil §0.19.3 and §0.19.10]. Let 
us recall now some of these properties. We will also look at the first ba- 
sic examples of morphisms in N FS a f that satisfy the infinitesimal conditions 
(Example H37J). 

Remark. Let B — ► A be a continuous morphism of preadic rings and 
take J C A, K C B ideals of definition with KA C J. Given J' C A, K' C 
B ideals such that K'A C J', J C J' and K C K', if A is a formally 
smooth (formally unramified or formally etale) -B-algebra for the J and 
K-adic topologies then, we have that A is a formally smooth (formally un- 
ramified or formally etale, respectively) £>-algebra for the J' and .fT'-adic 
topologies, respectively. 
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Lemma 2.4.6. Let B — > A be a continuous morphism of preadic rings, 
J C A and K C B ideals of definition with KA C J and we denote by A 
and B the respective completions of A and B. The following conditions are 
equivalent: 

(1) A is a formally smooth (formally unramified or formally etale) B- 
algebra 

(2) A is a formally smooth (formally unramified or formally etale, re- 
spectively) B -algebra 

(3) A is a formally smooth (formally unramified or formally etale, re- 
spectively) B -algebra 

Proof. It suffices to notice that for all discrete rings C and for all 
continuous homomorphisms B — > C, the following equivalences 

Homcont£-Aig(A C) = HomcontB-Aig(A C) = Homcontg M (A,C) 

hold. □ 

Example 2.4.7. Put X = Spf(A) with A a J-adic noetherian ring and 
let T = T±, T2, ■ ■ ■ , T r be a finite number of indeterminates. 

(1) If we take in A the discrete topology, from the universal property 
of the polynomial ring it follows that A\T] is a formally smooth A- 
algebra. Applying the previous Remark and Lemma l2.4.(il we have 
that the restricted formal series ring A{T} is a formally smooth 
A-algebra or, equivalently, the canonical morphism — ► X is 
formally smooth. 

(2) Analogously to the preceding example, we obtain that -A[[T]] is a 
formally smooth ^4-algebra, from which we deduce that projection 
W x —s- X is formally smooth. 

(3) If we take in A the discrete topology it is known that, given / € A, 
Af is a formally etale yl-algebra. So, there results that the canonical 
inclusion ®(f) ^ X is formally etale. 

(4) Trivially every surjective morphism of rings is formally unramified. 
Therefore, given an ideal I C A, the closed immersion Spi(A/I) <^-> 
X is formally unramified. 

(5) If X' = Spi(A/I) is a closed formal subscheme of X, in 11.4.101 we 
have shown that n '. X/^ — ► X, the morphism of completion of X 
along X', corresponds through formal Descartes duality (jl. 1.10. 1(1 
with the continuous morphism of rings A — > A, where A is the 
complete ring of A for the (/ + J)-adic topology and therefore, k 
is formally etale. 

In the case of usual schemes the study of the infinitesimal properties 
using the module of differentials leads one to consider the class of finite type 
morphisms. This hypothesis permits to give precise characterizations of the 
infinitesimal lifting conditions. In NFS there are two conditions on mor- 
phisms that generalize the property of being of finite type for morphisms in 
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Sch: morphisms of pseudo finite type and their adic counterpart, morphisms 
of finite type (Definition ll.3.lj) . Henceforward, we will focus on morphisms 
with these properties. 

definition 2.4.8. Let / : X — > 2J be in NFS. The morphism / is 
smooth (unramified or Stale) if, and only if, it is of pseudo finite type and 
formally smooth (formally unramified or formally etale, respectively). If 
moreover / is adic, we say that / is adic smooth (adic unramified or adic 
etale, respectively). So / is adic smooth (adic unramified or adic etale) if it 
is of finite type and formally smooth (formally unramified or formally etale, 
respectively). 

If / : X —* Y is in Sch, both definitions coincide with the one given 
in |EGA IV4l (17.3.1)] and we say that / is smooth (unramified or etale, 
respectively). 

Example 2.4.9. Put X = Spf(A) with A a J-adic noetherian ring and 
r £ N. From Example 12 . 4 . 71 we have that 

(1) The canonical morphism — > X is adic smooth. 

(2) The projection — > X is smooth. 

(3) The canonical inclusion £)(/) X is adic etale. 

(4) Given an ideal I C A, the closed immersion Spf(A/I) ^ X is adic 
unramified. 

(5) If X' = Spi(A/I) is a closed formal subscheme of X, the morphism 
of completion k : X/g — > X is etale. 

Notice that in the category of usual schemes, Sch, there does not exist non 
trivial analogues to examples ((21) and ©. So, one should expect that the 
structure of morphisms satisfying infinitesimal lifting properties in NFS is 
not a mere extension of the ordinary scheme case. 

From Proposition 12.4.101 to Corollary 12.4.191 we study the basic results 
about the infinitesimal lifting properties for morphisms of locally noetherian 
formal schemes. Despite their proofs are similar to the ones of the analogous 
results in Sch, they do not follow from those. We will prove them with the 
necessary detail. 

Proposition 2.4.10. In the category NFS of locally noetherian formal 
schemes the following properties hold: 

(1) Composition of smooth (unramified or etale) morphisms is a smooth 
(unramified or etale, respectively) morphism. 

(2) Smooth, unramified and etale character is stable under base-change 
in NFS. 

(3) Product of smooth (unramified or etale) morphisms is a smooth 
(unramified or etale, respectively) morphism. 

Proof. By Proposition 11.3.151 it suffices prove (1) and (2). In order to 
prove (1) let / : X — > 2) and g : 2) — > © be smooth morphisms. Let Z 
be an affine S-scheme and T Z a closed subscheme defined by a square 



2.4. DEFINITIONS OF THE INFINITESIMAL LIFTING PROPERTIES 



55 



zero Ideal X C Oz- Given u : T — ► X a S-morphism, since 5 is smooth 
the morphism / o u lifts to a S-morphism Z — » 2) such that the following 
diagram commutes: 

T c > Z 




And since / is smooth, there exists a 2)-morphism w : Z — > X such that 
u|t = u, from which we deduce that 5 o / is formally smooth. Applying 
Proposition ll.3.-H ((T|) we deduce that g o / is smooth. The unramified case 
is proved analogously. 

Now, let us show that given a smooth morphism / : X — > 2) and another 
morphism 2)' — > 2) in NFS, then the morphism /' : X Xg2J — > 2J' is smooth. 
Let Z be an affine 2J'-sclieme, T <— > Z a closed subscheme defined by a 
square zero Ideal X C and u : T — > X Xsy%)' & ^'-morphism. Since 
/ is smooth, we have that the 2J-niorphism T , -^Xxsg2J'^X lifts to a 
2}-morphism Z — > X that makes the following diagram commutative 

r c ► z 



Xxa,2J' 




By the universal property of the fiber product there exists a ^'-morphism 
Z — > X Xsg 2J' that agrees with m in T, so /' is formally smooth. Besides, 
applying Proposition 11.3.41 Q there results that /' is of pseudo finite type 
and therefore, /' is smooth. The proof of the unramified case is similar and 
we leave it to the patient reader. □ 

Proposition 2.4.11. The assertions of the last Proposition hold if we 
change the infinitesimal conditions by the corresponding infinitesimal adic 
conditions. 

Proof. By the definition of the infinitesimal adic conditions, it suffices 
to apply the last result and the sorites of adic morphisms in Proposition 

MM □ 

Example 2.4.12. Let X be in NFS and r e N. From Proposition 
12.4.1 (U l(5j>. Example EHiSJ CO) and Example © we get that: 

(1) The morphism of projection = X x Spec ( Z ) ^spec(z) ^ X is an 
adic smooth morphism. 
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(2) The canonical morphism = X ><spcc(Z) ^spec(Z) ~~ > % * s smooth. 

Proposition 2.4.13. The following holds in the category of locally noe- 
therian formal schemes: 

(1) A closed immersion is adic unramified. 

(2) An open immersion is adic etale. 

Proof. Closed and open immersions are monomorphisms and therefore, 
unramified. On the other hand, open immersions are smooth morphisms. 

□ 

PROPOSITION 2.4.14. Let f : X — > 2), g : 2J — > 6 be two morphisms of 
pseudo finite type in NFS. 

(1) If g o f is unramified, then so is f . 

(2) Let us suppose that g is unramified. If g o f is smooth (or etale) 
then, f is smooth (or etale, respectively). 

Proof. Item (1) is immediate. In order to prove (2) we consider Z a 
2J-scheme, T^2a 2J-closed subscheme given by a square zero Ideal and 
u : T — ► X a 2J-morphism. If g o / is smooth there exists a S-morphism 
v : Z — > j£ such that u|t = it and since g is unramified, we have that u is a 
2J-morphism. Moreover, by Corollary 11.3.171 f is of pseudo finite type and 
therefore, / is smooth. The etale case is deduced from (1) and from the last 
argument. □ 

Corollary 2.4.15. Let f : X — * 2) be a pseudo finite type morphism 
and g : 2J — > S an etale morphism. The morphism go f is smooth ( or etale ) 
if, and only if, f is smooth (or etale, respectively). 

PROOF. It is enough to apply Proposition 12 .4.1171 (1111 and Proposition 

nxm □ 

2.4.16. (cf. |EGA 1V 4 1 (0.20.1.1)]) Let B -> A be a continuous homo- 
morphism of preadic rings, C a topological i?-algebra and I C C a square 
zero ideal. Given u : A — > C/I a continuous S-homomorphism of rings it 
holds that: 

(1) H v : A —> C, w : A ^ C are two continuous l?-homomorphisms of 
rings such that agree with u modulo I, then v—w £ Derconts(^4, 

(2) Fixed v : A — > C a continuous S-homomorphism of rings that 
agree with u modulo I and given d £ Dercont#(^4, 1) we have that 
v+(i:A^C is a continuous S-homomorphism of rings that agrees 
with u modulo I. 

2.4.17. Given / : X — > 2) a pseudo finite type morphism in NFS, let Z 
be an affine 2J-scheme, iiT^Za closed 2J-subscheme given by a square 
zero Ideal X C and u : T — > X a 2J-morphism. Observe that 2 = i~ l T 
has structure of Or-Module. From l2~4. 161 we deduce the following: 
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T<=^^Z 




is commutative, then the morphism 

► u*_£. 



is a continuous 2J-derivation. Lemma f2.2.12l and Theorem l2.2l implv 
that there exists an unique morphism of C^-Modules : fiL,^ — > 
it*Z that makes the diagram 



3 



6 1 




commutative. 
(2) Fixed a lifting u : Z — > X of u and given < 

morphism of Ox-Modules, it holds that u>" :=«' + i^o defines 
another 2)-morphism w : Z — > X such that the diagram 




commutes. 

Remark. Henceforward and until the end of this chapter we will use 
the Cech calculus of cohomology 2 . Therefore and whenever it be necessary 
we'll impose the separation hypothesis (each time that we use cohomology 
of degree grater or equal than 2). 

Proposition 2.4.18. Let f : X — > 2J a morphism in NFS. 

(1) Given {il a }aeL an open covering of X, f is smooth (unramified or 
Halt) if, and only if, for all a € L, f\^ a : il Q — ► 2) is smooth 
(unramified or etale, respectively). 



Given X a topological space, il an open covering of X and T a sheaf of abelian 
groups over X, the p-th group of Cech cohomology of T with respect to the covering U. 
is 

where C (U. ,T) is the Cech complex of T (see, for instance, |H77I Chapter III, p. 219- 
220] or ITTSl §5.4]). 
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(2) If {2Ja}asJ is an open covering ofSQ, f is smooth (unramified or 
etale) if, and only if, for all A G J, /|/-i(<u A ) : / (2?a) — ► is 
smooth (unramified or etale, respectively). 

Proof. 

(1) If / is smooth (unramified or etale) by Proposition I2.4.T31 ((2*)) and 
Proposition I2.4.TU1(| T|) we have that f a := f\%x a is smooth (unramified or 
etale, respectively), Va G L. 

In order to prove the converse let us establish the following notations: 
Let Z bet an affine 2)-scheme, T Z a closed 2)-subscheme given by a 
square zero Ideal I C Oz of zero square and u : T — > X a 2)-morphism. 
It holds that the collection {u _1 (it a )}Q, g L is an open covering of T and if 
we denote by {W a } a& L the corresponding open covering in Z, there results 
that ii _1 (il Q ) ^ W a is a closed subscheme defined by the square zero Ideal 
I a := I\w a C OvK tt ) for all a G L. Observe that T Q has structure of 
O tt -i (lia) -Module. 

Assume that f a is unramified, Va and let io : Z — > X be 2)-morphisms 
such that u|t = u>|t- Then w| u -i(xi 0( ) = Hu-Vila) an d applving l2.4,3l we have 
that u|w Q = ^|w Q ) Va, that is, v = w and therefore, / is unramified. 

Let us treat the case when the {fa}a 

£ L are smooth. For all a we cover 
-u _1 (ii a ) by affine open subsets of T, {T ai } ai< z Lci , and take {Z ai } aieLa the 
corresponding open subsets in Z. Then, simplifying the notation and allow- 
ing repetitions in the covering of X, we may assume that the coverings of T 
and of Z are affine and that are indexed by the same set of indexes L. Since 
the morphisms {f a }aeL are smooth, for all a, there exists a 2)-morphism 
v ' a : Z a — > ii a such that the following diagram is commutative: 



T a c ► 




For all a, we denote by u a the 2)-morphism Z a il a X. From (u a ) we 
are going to construct a collection of 2)-morphisms (w a : Z a ^ X) that glue 
and that agree with u a in T a , for all a€l. 

In order to do that, we establish the notation 

il a p := iX a n H^, Z a p := Z Q n Zg, T aj3 := T a n T^, u a p := w|r a/3 

*ct/3 

for all couple of indexes a, f3 such that 7^ 0. Observe that Z a p 
is a closed immersion of affine schemes given by the square zero Ideal I a p C 
Oz a p, therefore, let us write i* a p{^ a p) = la/3- Fixed a, (3 such that T a p ^ 0, 
since v a and vp agree in T Q/ g bv l2,4.17l ([Tj) it holds that there exists a unique 
morphism of Ox-Modules (f> a p : ^x/m — > (u a p)*(^ap) such that the following 



2.4. DEFINITIONS OF THE INFINITESIMAL LIFTING PROPERTIES 



59 



diagram is commutative 




Let u* a p{£i^i<^) — * I a p be the morphism of 0T a|3 -Modules adjoint of <j> a p, 
that we will continue to denote by (j) a p making a little abuse of notation. 
The family of morphisms {4> a p}ap satisfy the cocycle condition; that is, for 
any a, (3, 7 such that Z a p y := Z a n Zp n Z 7 7^ 0, we have that 



+ 



371^/37 







(2.4.18.1) 



where T, 



0/37 



T a n n T 7 . Therefore, it defines an element 



[(•Ml G H '(T.Womo.Kfi^,!)) = HH (5.4.15)] 
= H 1 (r,^om OT (u*^l e/? ,,2:)). 

But, since T is an affine scheme H (T, 7iomo T (ti*0^/^,X)) = and there- 
fore, there exists {</> a } Q eL G G°(r,7iomo T («*f2^/^j,I)) such that, for all 
couple of indexes a, /3 with 7^ 0, 

0a |T a/3 - <t>p\T aft = <t>afi (2.4.18.2) 

We again commit an abuse of notation and use indifferently <j) a for the map 
and its adjoint. For all a, let w a : Z a — > X be the morphism that agrees with 
t> a as a map of topological spaces given as a morphism of ringed topological 
spaces by Wa '■= Va — <j> a o dx/<Q- Therefore, from 14.1. "2*1 l|2*|l we have that w a 
is a lifting of u a over 2) for all a G L and from data (j2.4.18.2|) and (|2.4.18.1j) 
we deduce that the morphisms w a glue into a morphism w : ^ — ► X that 
agrees with u in T and therefore, / is formally smooth. Moreover, since the 
pseudo finite type condition is local, / is of pseudo finite type, hence, / is 
smooth. 

(2) For all A € J put fx = f\ /-i(aj A ) an d consider the following diagram 

rHwx) c — ' * 



fx 



.IX 



f 



V 



where the horizontal arrows are open immersions. If / is smooth (unramified 
or etale) by Proposition l2.4.TUl (|Tj) and Proposition 12.4. 131 ([2|) it holds that 
f°i\ = jx°fx is smooth (unramified or etale) and since j\ is adic etale, from 
Corollary 12 .4 . 1 51 we get that f\ is smooth (unramified or etale, respectively). 
Reciprocally, if the morphisms fx are smooth (unramified or etale), as the 
open immersions jx are etale by Proposition 12.4. lUl (|Tj) there results that the 
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morphisms j\ o fx are smooth (unramified or etale). Therefore from (1) we 
get that / is smooth (unramified or etale, respectively) □ 

Corollary 2.4.19. The results \KJl^\\2.4.l3[ and \^Jl^ are true if we 
replace the infinitesimal lifting properties by their adic counterparts. 

PROOF. It is straightforward from Prop osition 1 1 . 2 . 6l Proposition ^. 4.141 
Corollary 12.4.151 and Proposition 12.4.181 □ 

Remark. A consequence of the two last results for the local study of 
the infinitesimal lifting properties (with or without the adic hypothesis) for 
locally noetherian formal schemes, we can restrict to NFS a f. 

Corollary 2.4.20. Let X be in NFS and X' C X a closed formal sub- 
scheme. Then the morphism of completion of X along X' , K : Xi<x> ~^ X is 
etale. 

Proof. Applying Proposition 12.4.181 we may assume that X = Spf(A) 
and X' = Spf(A/I) are in NFS a f with A a J-adic noetherian ring and I C A 
an ideal. Then, by Example 12,4.91 ([5]) if A is the completion of A for the 
(J + J)-adic topology, we have that k : X/x' = Spf(A) — > X = Spf(A) is 
etale. □ 

Proposition 2.4.21. Given f : X ^ 2) in NFS, let X' C X and 2)'c2) 
be closed formal subschemes such that f{X') C 2J'. 

(1) If f is smooth (unramified or etale) then f : X/x> — ¥ /ty is smooth 
(unramified or etale, respectively). 

(2) If moreover X' = / _1 (2J') and f is adic smooth (adic unramified 
or adic etale) we have that f : X/x' — * ?)/2)' ^ s a ^ c smooth (adic 
unramified or adic etale, respectively). 

Proof. By the diagram (|l,4.12.1j) we have the following commutative 
diagram in NFS 

X— ^2J 



Xj X — > 2J/2,, 

where the vertical arrows are morphisms of completion that, being slightly 
imprecise, we denote both by k. Let us prove (1). If / is smooth (unrami- 
fied or etale) by the last Corollary and Proposition 12 .4. IU1 ((T|) we have that 
foK = Ko f is also smooth (unramified or etale). Since k is etale from Propo- 
sition [2^^3] we deduce that / is smooth (unramified or etale, respectively). 
Assertion (2) is consequence of (1) and of Proposition II .4. 131 □ 

Corollary 2.4.22. Let f : X -^>Y be a morphism of locally noetherian 
schemes and let X' C X and Y' C Y be closed subschemes such that f(X') C 
Y' . If f is smooth (unramified, etale), then f : X/x> — * Y/y is smooth 
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(unramified, Stale, respectively), if X' = f 1 (Y') we also have that f is 
adic. 

definition 2.4.23. Let / : X — > 2) in NFS. We say that / is smooth 
(unramified or etale) in x £ X if there exists an open subset il C X such 
that f\ix is smooth (unramified or etale, respectively). 

So, by Proposition 12.4.181 it holds that / is smooth (unramified or etale) 
if, and only if, / is smooth (unramified or etale, respectively) in x € X, 
Vx e X. 

Observe that the set of points x € X such that / is smooth (unramified, 
or etale) in x is an open subset of X. 

2.5. The module of differentials and the infinitesimal lifting 

properties 

In this section we study some characterizations for a smooth, unramified 
and etale morphism / : X — ► 2J. Above all, we will focus on the properties 
related to the module of differentials ^^/^- We highlight the importance 
of the Jacobian Criterion for affine formal schemes (Corollary I2.5.12J) which 
allows us to determine when a closed formal subscheme of a smooth formal 
scheme is smooth rendering Zariski's Jacobian Criterion for topological rings 
(c/. |EGA IVi| (0.22.6.1)] into the present context. 

Lemma 2.5.1. Let B — > A a continuous homomorphism of preadic rings. 
Then A is a formally unramified B-algebra if, and only if, ^\j B = 0. 

Proof. E GA IVil (0.20.7.4)] Let A be a formally unramified .B-alge- 
bra and J C A an ideal of definition. It is enough to prove that 

Homcont A (^ /B ,^ /B /J n+1 ^ /B ) = 0, 

for all n £ N. By hypothesis, the epimorphism of topological discrete B- 
algebras 3 

A ^A/B A 



C :-- 



Jn+l Tn+lol J n + l 



is continuous for all n € N and its kernel / := (0, Q\/ B / J n+1 ^A/ B ) C C is 
of zero square, so, applying 12.4. 161 ((2*)) we deduce that 

= DercontMA j^f^) ^ Homcont A (^ /B , J^f^ 



^Let A be a ring and M a ^l-module. In the additive group A ® M we consider the 
multiplication 

(a, m) • (a', m!) = (aa , am' + am) 
where a, a' £ A;m,m' £ M. This operation is bilinear, associative and has a unit. This 
ring structure is called the semidirect product of A and M and is denoted A x M. If A is 
a preadic ring and in A k M we take the topology induced by the one of A, we have that 
the ring homomorphisms A >— » A K M and A K M -» A are continuous. 
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Reciprocally, let C be topological discrete i?-algebra, IcCan ideal of 
zero square, u : A — > C/I a continuous i?-homomorphism and suppose that 
there exist two continuous homomorphisms of topological algebras v : A ^ 
C and w : A — > C such that the following diagram is commutative: 

B ► A 




Bv 12.1.41 it holds that Derconts(A J) ^ Homcont^fi^/g, I) = and from 
12.4. 161 (fT|) there results that u = v and therefore, A is a formally unramified 
-B-algebra. □ 

PROPOSITION 2.5.2. Let f : X — > 2) 6e a morphism in NFS of pseudo 
finite type. The morphism f is unramified if, and only if, ^x/Z) = ^' 

Proof. By Proposition 12 .4.151 we may suppose that / : X — > 2J is in 
NFS a f and therefore the result follows from Lemma 12.5.11 □ 

Corollary 2.5.3. Let f : X — > 2) and g : 2) — > 6 6e too pseudo finite 
type morphisms. Then f is unramified if, and only if, the morphism of 
Ox-Modules — * ^x/s * s surjective. 

Proof. Use the last Proposition and the First Fundamental Exact Se- 
quence (j'2 . 3 . 1 . 1 f) associated to the morphisms X — > 2J 6. □ 

Lemma 2.5.4. Lei f : B ^ A be a a continuous morphism of preadic 
rings. If A is a formally smooth B-algebra, then: 

(1) A is a flat B-algebra. 

(2) For all ideals of definition J C A, £1\/ b ®aA/ J is a projective A/J- 
module. If moreover, £l\/ B is a finite type A-module (for example, 
if Spf(.A) — ► Spf(-B) is a pseudo finite type morphism in NFS a fj, 
then /g is a projective A-module. 

Proof. 

(1) It suffices to show that for all prime ideals p C A, Ap is a flat 
.Bq-module with q = / -1 (p). Fix p C A a prime ideal. By |EGA IVH 
(0. 19.3.5. (iv))] it holds that Ap is a formally smooth S q -algebra for the 
adic topologies and applying Remark 12.41 there results that Ap is a formally 
smooth l?q-algebra for the topologies given by the maximal ideals. Then, 
by |EGA IV il (0.1 9.7.1)1 we have that A p is a flat ^-module. 

(2) (c/. |Ma861 Theorem 28.5]) We will show that given tp : M -» N a 
surjective homomorphism of yl/J-modules, then the map 

~ A — A 

Bom a(SI\ /b ® A j,M)^ Rom a (Sl% /B ® A j,N) 



2.5. DIFFERENTIALS AND LIFTING PROPERTIES 



63 



is surjective, that is, Hom^(0^, B , M) — > Hom^(f2^ B , AT) is surjective. By 
12.1.41 it suffices to prove that the map induced by 92 

Der B (A,M) -^Bev B (A,N) (2.5.4.1) 

is surjective. If C is the discrete -B-algebra (A/ J k M) and the ideal 
/ = (0,Ker(/9) C C, given d € DersiA, N) we define a continuous ho- 
momorphism of topological i?-algebras 

A — ► ^ = j tK N 
a <w (a + J, c£(a)) 

and since J 2 = and ^4 is a formally smooth l?-algebra, there exists a 
continuous homomorphism of topological i?-algebras u : A — > C such that 
the following diagram is commutative 

B ► A 



The second component of the morphism u defines a continuous ^-derivation 
d! : A — ► M such that yjocf = d and therefore the map (|2.5.4.1|) is surjective, 
hence, ^\i B ®A A/ J is a projective j4/J-module. 

Then, if Q\ /B is a finite type ^-module, by [EGA 11 (0.7.2.10)], it is a 
projective A- module. □ 

Proposition 2.5.5. Let f : X — ► %) be a smooth morphism. Then f is 
flat and is a locally free O^-module of finite rank. 

Proof. Since it is a local question, the result is consequence of the last 
Lemma and |EGA II (10.10.8.6)]. □ 

2.5.6. Given A a J-preadic ring, let A be the completion of A for the 
J-adic topology and A n = A/J n+1 , for all n G N. Take M", M' and M A- 
modules, denote by M", M', M their completions for the J-adic topology 
and let M" — > M' — > M be a sequence of A-modules. It holds that 

(1) If — > M" A M' A M — > is a split exact sequence of A- modules 
then, for all n G N 

-> M" ® A 4 n AM'® A A n AM^4^0 

is a split exact sequence. 

(2) Reciprocally, iiM ® A A n is a projective j4 ra -module and 

-> M" (8) a A n ^M'8Ai^M^i^0 
is a split exact sequence of ^4 n -modules, for all n G N, then 

0^M"^M'^M^0 (2.5.6.1) 
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is a split exact sequence of yl-modules. 
Indeed, assertion (1) is immediate. In order to prove (2), for all n G N we 
have the following commutative diagrams: 

, M" ® A A n+1 ^ M' ® A A n+1 ^ M ® A A n+1 ^ 







/« 

-» M" ( 



A r , 



M<8>4 A 







where the rows are split exact sequences. Applying inverse limit we have that 
the sequence (|2.5.6.ip is exact. Let us show that it splits. By hypothesis, for 
all n G N there exists t n : M®aA u — > M' <g>AA n such that v n ot n = 1. From 
(i„) we are going to define a family of morphisms (t' n : M <Su A — > M'®aAi) 
such that 

u n o 4 = 1 o 4 + i = 4 ° (2.5.6.2) 

for all n G N. For = put t' := to- Suppose that we have constructed 
t' k verifying (|2.5.6.2j) for all k < n and let us define 4+1- ^ w n '■= 9n ° 
t n+ i — t' n o h n then v n o w n = and therefore, Imw n C Ker v n = lmu n . On 
the other hand, since M <g)A An+i is a projective A n+ i-module, there exists 
6 n+ \ : M ®a A n+ \ — > u n+ i(M" ®a -An+i) such that the following diagram 
is commutative 

u n+ i(M" ®a Ah-i) 



M 




^U n (M"® A An). 



If we put 4+i • — ^n+i — ^n+l; it holds that i^-j-i o 4+1 — 1 and c/ n o 4+i 
t' n o h n . The morphism 

t' := lim 4 



neN 



satisfies that u o t' = 1 and the sequence (|2.5.6.1f) splits. 

Proposition 2.5.7. Let f : X be a smooth morphism in NFS. For 
all pseudo finite type morphism 2J — > 6 in NFS t/ie sequence of coherent 
Ox-modules 

u — > j "<g/ e * 
is exact and locally split. 



iL x/e 



6 1 







Proof. It is a local question, so we may assume that / : X = Spf(A) — > 
2J = Spf(B) and g : 2) = Spf(S) -> 6 = Spf(C) are in NFS af with A a 
formally smooth U-algebra. Given J C A an ideal of definition if we take 
A n = A/J n+1 , by Lemma 12.5.41 we have that ^\/B ® A ^ n * s a projective 
A n -module, for all n G N and therefore, bv 12.5.61 Q it suffices to show that 
for all n G N 







O 1 

lL B/C 



A r , 



^■A/C 



A r . 



o 1 



A r . 
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is a split exact sequence. By the First Fundamental Exact Sequence of 

differential modules associated to C B — > A it suffices to prove that for 
all n G N the map $ n is a section or, equivalently, that for all ^4 n -modules 
M, the induced map 

Hom An (tt A/C ®A A n , M) — > Ytom An {Q} B/c ® B A n ,M) 

is surjective. By Q2.1.4.2JI this is equivalent to see that the map 

Der c (A, M) -> Der c (5, M) (2.5.7.1) 

is surjective. Let n S N and M be a ^4 n -module. Each d € Derc(-B,M) 
defines a continuous homomorphism of topological algebras 

B 4 A n sk M 

b - (/(&) + J n+1 ,d(6)) 

Since M 2 = as an ideal of ^4 n >< M and ^4 is a formally smooth i?-algebra, 
there exists a continuous homomorphism of topological -B-algebras v : A — > 
^4 n k M such that the following diagram is commutative 

5 ^ 




A„ x M — ► An. 

The second component of the morphism v gives a C-derivation d' : A ^ M 
such that d' o g = d and therefore the map 1)2. 5. 7.1(1 is surjective. □ 

Corollary 2.5.8. Let f : X — > 2) &e an etaZe morphism in NFS. For 
a// pseudo finite type morphism 2) — ► S m NFS ft ZioZds t/ia£ 

Proof. It is a consequence of the last result and of Proposition 12.5.21 

□ 

Proposition 2.5.9. Let f : X — » 2J 6e a pseudo finite type morphism in 
NFS and g : 2) — > S a smooth morphism in NFS. TTie following conditions 
are equivalent: 

(1) / is smooth 

(2) go/ is smooth and the sequence 

— > /*^|)/ e — > ^x/s ~~ * ~ * 
is exact and locally split. 

PROOF. The implication (1) =$> (2) is consequence of Proposition 12,4.101 
and of Proposition I2.5.71 

As for proving that (2) => (1) we may suppose that f : X = Spf(A) — > 
2J = Spf(B) and g : 2) = Spf(5) -> 6 = Spf(C) are in NFS af being S and 
A formally smooth C-algebras. Let us show that A is a formally smooth 
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-B-algebra. Let E be a discrete ring ,Jcfia square zero ideal and consider 
the commutative diagram of continuous homomorphisms of topological rings 

C — U B — A 



E -U E/I. 

Since A is a formally smooth C-algebra, there exists a continuous homomor- 
phism of topological C-algebras v : A — > E such that vogof = \of and 
j o v = u. Then by 12.4.161 ((T|) we have that d := X — v o g £ Dercont^l?, E). 
From the hypothesis and considering the equivalence of categories 12.2.31 (j3J 
we have that the sequence of finite type j4-modules 

o h B/c ® b a^ fi\ /c -> h\ /B -> o 

is exact and split. Besides, since the morphism v is continuous and E is 
discrete there exists n € N such that E is a A/J n+1 -module. Therefore the 
induced map Hom J 4(0^ c ,, E 1 ) — > Hom^fi^ E) is surjective and applying 
12.1.41 we have that the map 

Der c (A,E) ^Der c (B,E) 

is surjective too. It follows that there exists d! S Derc(yl, E) such that 
d' o g = d. If we put v' := v + d' , we have that v' o g = X and j ov' = u. As 
a consequence, ^4 is a formally smooth i?-algebra. □ 

Corollary 2.5.10. Let f : X — > 2J and # : 2) — > 6 6e too pseudo finite 
type morphisms such that g o f and g are smooth. Then, f is etale if, and 
only if, f = ^x/q- 

Proof. Follows from the last Proposition and Pr op osition 12 . 5 . 21 □ 

Proposition 2.5.11. (Zariski Jacobian criterion for preadic rings) Let 
B — > A be a continuous morphism of preadic rings and suppose that A 
is a formally smooth B-algebra. Given an ideal L C A. Let us consider 
in A' := A/L the topology induced by the topology of A. The following 
conditions are equivalent: 

(1) A' is a formally smooth B-algebra. 

(2) Given J a A an ideal of definition of A, define A' n := A/(J n+l +L). 
The sequence of A' n -modules 

Q^L® AlA ' n ^ n\ /B ® A A' n *2> n\, /B ® A > K - o 

is exact and split, for all n £ N. 

(3) The sequence of A' -modules 

o - \~2 ^ n A/B ® A A' ±+ n\ l/B -> o 

is exact and split. 
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Proof. The equivalence (1) 44> (2) follows from |EGA IVtI (0.22.6.1), 
(0.19.1.5), (0.19.1.7)] and from the Second Fundamental Exact Sequence 
associated to the morphisms B — > A — ► A'. Let us show that (2) <3> (3). 
Since A' is a formally smooth l?-algebra, from Lemma 12.5.41 we deduce that 
Sl\,/ B ®A' A' n is a projective A^-module, for all n € N and, therefore, the 
result follows from l2.5"Hl(j 2*)l. 

□ 

Corollary 2.5.12. (Zariski Jacobian criterion for formal schemes) Let 
f : X = Spi(A) — > 2J = Spf(-B) be a smooth morphism in NFS a f and X' 
X a closed immersion given by an Ideal X = I A C Ox- The followings 
conditions are equivalent: 

(1) The composed morphism X' X 2J is smooth. 

(2) Given J C O x an Idea/ o/ definition, if O x > n ■= O x /(J n+1 +T), 
the sequence of coherent Ox' n -Modules 

- J ®ev ^ ®a x Ox; ^ nje /s) ^ - 

is exact and locally split, for all n £ N. 

(3) TTie sequence of coherent Ox 1 -Modules 

I, (5 i $ ^ 1 

-» ^ ®O x 0» — > ^x'/ft) ~* 

is exact and locally split. 



Proof. By the equivalence of categories 12 . 2 . 31 (|3*)) it is a consequence of 
the last Proposition. □ 
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Characterization of the infinitesimal lifting 

properties 

Given / : X — > 2J a morphism in NFS there exist Ideals of definition of 
3t and 2J such that 

/ = hm f n . 

So it is sensible to ask about the relation that exists between the infini- 
tesimal lifting properties of / and the infinitesimal lifting properties of the 
morphisms of ordinary schemes {f n }neN- I n this chapter two parts are dis- 
tinguished. 

The first encompasses three sections (j3.ll 13.21 and 13.3(1 we show that 
there exists a close relationship between the infinitesimal lifting properties 
of an adic morphism 

f = km f n 

nGN 

and the infinitesimal lifting properties of the morphism of ordinary schemes 
/o, something that does not happen without the adic hypothesis and that 
shows the interest of understanding the non adic case. 

The second part is devoted to fit in this framework the completion mor- 
phisms. In Section f3. 41 we characterize open immersions and the completion 
morphisms in terms of the etale property. One of the main results is Theo- 
rem [jmilfn which, given 

2J= hm Y n 

in NFS, it is established an equivalence of categories between etale adic In- 
formal schemes and etale Yo-schemes. In absence of the adic hypothesis the 
behavior of the infinitesimal lifting properties can not be reduced to the 
study of the infinitesimal lifting properties in the category of schemes (see 
Example I3.2.3[) . The structure of maps possessing infinitesimal lifting prop- 
erties in the non adic case is elucidated in Section f3. 51 Here we obtain some 
of the main results of this work, namely, Theorem 13.5.21 and Theorem 13.5.31 
They state that every smooth morphism and every etale morphism factors 
locally as a completion morphism followed by a smooth adic morphism and 
an etale adic morphism, respectively. These results explain then the local 
structure of smooth and etale morphisms of formal schemes. 
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3.1. Unramified morphisms 

We begin relating the unramified character of a morphism / : X — > 2J of 
locally noetherian formal schemes 

/ : X - 2) = lim (/„ : X n - K n ) 

and the one of the underlying ordinary schemes morphisms {/n}neN> where 
J C Ox and /C C Osg are Ideals of definition such that f*(K)Ox C c7 and 
that allow us to express / as a limit. We will use this notation throughout 
the section without mentioning it explicitly. 

Proposition 3.1.1. With the previous notations, the morphism f is 
unramified if, and only if, f n : X n — > Y n is unramified, for all n 6 N. 

Proof. Applying Proposition 12.5.21 we have to show that Q%/<y = 
equivalently for all n € N, ^ = 0. If = 0, by the Second 

Fundamental Exact Sequence (|2.3.4.1j) for the morphisms 

X n — X U 2), 

we have that O^- ,^ = 0, for all n G N. From the First Fundamental Exact 
Sequence (j2.3,l.l|) associated to the morphisms 

X n ^ Y n 2), 

there results that f2^- < Y , = 0- Conversely, if for all n E N, = 0, 

Proposition 12.2. IU1 shows that 

neN 

Corollary 3.1.2. Lei / : X — > 2) oe a morphism in NFS and /ei J" C 
Ox anc ^ & C oe Ideals of definition such that f*(JC)Ox C JT. // i/ie 
induced morphisms f n : X n — > ^ are immersions, for all n € N, i/ien / is 
unramified. 

In the class of adic morphisms in NFS the following proposition provides 
a criterion, stronger than the last result, to determine when a morphism / 
is unramified. 

Proposition 3.1.3. Let f : X — > 2} oe an adic morphism in NFS and 
/C C 02) an LieaZ of definition. Write 

f = lim f n 

oy taking Ideals of definition K. C 0%) and J = f*(K.)Ox C Ox- ^ e 
morphism f is unramified if, and only if, the induced morphism /o : Xo — > Yb 
is unramified. 
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Proof. If / is unramified by Proposition 13.1. II we have that /o is un- 
ramified. Conversely, suppose that /o is unramified and let us prove that 
= ^" question is local so we may assume that f : 3C = Spi(A) — > 
2J = Spf(l?) is in NFS a f and that J = J A , with J C A an ideal of definition. 
By hypothesis &x /Y = and thus, since / is adic there results that 

®k/y ®o x Xo ^n] Co/Yo = 0. (3.1.3.1) 

Then by the equivalence of categories 12.2.31 (jHJ) , the last equality says that 
^a/b/ J^a/b = 0- On the other hand, since A is a J-adic ring it holds 
that J C J a (Ja is the Jacobson radical of ^4). Moreover, Proposition 12 . 1 . 51 
provides that &\/ B is a finite type ^4-module. From Nakayama's lemma 

we deduce that Q\/ B = and therefore, = (^4/#) A = 0- Applying 

Proposition 12.5.21 it follows that / is unramified. □ 

The following example illustrates that in the non adic case the analogous 
of the last proposition does not hold. 

Example 3.1.4. Let K be a field and p : —> Spec(K) be the projec- 
tion morphism of the formal disc of dimension 1 over Spec(K). In Example 
12.2.151 we have seen that = (if [[T]]cff) A and therefore, there results 
that is ramified over K (Proposition I2.5."2|) . However, given the ideal of 
definition [[T]] C K [[T\] the induced morphism pq = lspec(K) is unramified. 

In view of this example, our next goal will be to determine when a 
morphism in NFS 

/ : 3€ - 2) = hm (/ n : X n - Y n ) 

with /o unramified and not necessarily adic, is unramified (Corollary 13 . 1 . 1 (J|) . 
In order to do that, we will need some results that describe the local behavior 
of unramified morphisms. Next, we provide local characterizations of the 
unramified morphisms in NFS, that generalizing the analogous properties in 
the category of schemes (cf. |EGA I\Q (17.4.1)]). 

Proposition 3.1.5. Let f : X — > 2J be a morphism in NFS of pseudo 
finite type. Given x £ X and y = f(x) the following conditions are equiva- 
lent: 

(1) f is unramified at x. 

(2) f~ 1 {y) is an unramified k(y) -formal scheme at x. 

(3) mx,x@x,x = ™-<y t yOx,x and k(x)\k(y) is a finite separable extension. 

( 4 ) °;>,. cv, ;/ 
(4') (& x/fg ) x = 

(5) Ox, x is a formally unramified 0<Q tV -algebra for the adic topologies. 
(5') Ox,x is a formally unramified O^^-algebra for the adic topologies. 
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Proof. Let J C Ox and K, C 0<y be Ideals of definition such that 
f*(!C)Ox C J which allows us to write 

lim (/„ : X n -» y n ) 

neN 

(1) 44> (2) By Proposition 13.1.11 / is unramified at x if, and only if, all 
the morphisms f n : X n — > are unramified at x. Applying EGA IV4I 
(17.4.1)], this is equivalent to fn 1 (y) be an unramified /c(y)-scheme at x, for 
all n € N, which is also equivalent to 

rl ^zWm ^ ^ 1(y) 

being an unramified fc(y)-formal scheme at x (see Proposition 13 . 1 . lj) . 

(1) 44> (3) The assertion (1) is equivalent to f n : X n — > Y n being unram- 
ified at x, for all n £ N, and from |EGA IV4I Zoc. cif.] there results that 
k(x)\k(y) is a finite separable extension, and that mx n , x = ^Y„,yOx„,x, for 
all n £ N. Hence, 

mx,xOx,x = lim nvv„,x = hm xa Yn , y O Xn ,x = m<9, y Ox,x- 

ngN neN 

(3) (4) Since k(x)\k(y) is a finite separable extension we have that 
&k(x)/k(y) = ® anc ^ therefore, it holds that 

From |2~2~T1 (|2*|) we deduce that jq is a finite type 0£ ja: -module and 

thus, by Nakayama's lemma, &q x /q = 0. 

(4) O (4') Rv l2~2~n p it holds that (n^g)* is a finite type O^-module 
and therefore, 

Then, since Oj i3 . is a faithfully flat 0^-algebra it holds that j =0 

if, and only if, {&£/%^x = 0. 

(4) <J4> (5) It is straightforward from Lemma 12.5.11 

(5) 44> (5') It is enough to apply Lemma 4. 61 

(4') =>- (1) Since fiL^ G Coh(je) (Proposition the assertion (4') 

implies that there exists an open subset il C X with x E il such that 
(^x/2))l u = ^ an d therefore, by Proposition 12.5.21 we have that / is un- 
ramified at x. □ 

Corollary 3.1.6. Let f : X — > 2) 6e a pseudo finite type morphism in 
NFS. The following conditions are equivalent: 

(1) / is unramified. 
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(2) For all x G X, y = f(x), f~ 1 (y) is an unramified k(y) -formal 
scheme at x. 

(3) For all x G X, y = f{x), mx, x Ox, x = m^ y Ox,x and k{x)\k(y) is a 
finite separable extension. 

( 4 ) ^bx.x/Oy.y = °' f or al1 x e X with V = f( x )- 
(4') For all x G X, (0^)^ = 0. 

(5) For all x G X, y = f(x), Ox,x is a formally unramified O^^- algebra 
for the adic topologies. 

(5') For all x G X, y = f{x), Ox,x is a formally unramified Osg^- algebra 
for the adic topologies. 

Corollary 3.1.7. Let f : X — > 2) be a pseudo finite type morphism in 
NFS. If f is unramified at x € X, then f is a quasi-covering at x. 

Proof. By assertion (3) of Proposition 13 . 1 . 51 we have that 

Ox,x®Oy J(x) Hf{x)) = k(x) 

with k(x)\k(f(x)) a finite extension and therefore, / is a quasi-covering at 
x (see Definition ll.3.7|) . □ 

Corollary 3.1.8. Let f : X — > 2) be a pseudo finite type morphism in 
NFS. If f is unramified at x G X, then d\m x f = 0. 

Proof. It is straightforward from Proposition I1.3.TO1 and from the last 
Corollary. □ 

Proposition 3.1.9. Let f : X — > 2J be a pseudo finite type morphism in 
NFS. Given x G X and y = f(x) the following conditions are equivalent: 

(1) / is unramified at x 

(2) /o : Xo — > Yq is unramified at x and Oxx ®n — ' k(v) = M x ) 

Proof. If / is unramified at x, then /o is unramified at x (Proposition 

I3.1.1|) . Moreover, assertion (3) of Proposition l3~l~5l implies that Oxx®n — ~ 

k{y) = k{x) so (1) => (2) holds. Let us prove that (2) => (1). Since /o is 
unramified at x we have that k(x)\k(y) is a finite separable extension (cf. 

EG A IV 4 1 (17.4.1)]). From the equality Ox~l (g)^— fe(y) = fe(a;) we deduce 

that mx, x Ox,x = ^fg,y^fQ,y Thus, the morphism / and the point x satisfy 
assertion (3) of Proposition 13.1.51 and there results that / is unramified at 
x. □ 

Now we are ready to state the non adic version of Proposition 13.1.31 

Corollary 3.1.10. Given f : X — > 2J a morphism in NFS of pseudo 
finite type let J C Ox and /C C be Ideals of definition such that 

f*{K,)Ox C J and let /o: X — > Y 6e the induced morphism. The following 
conditions are equivalent: 

(1) The morphism f is unramified. 
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(2) The morphism fo is unramified and, for all x G X, / 1 (y) = / (y) 

Proof. Suppose that / is unramified and fix x G X and y = f(x). By 

the Proposition 13,1.91 we have that fo is unramified and that Ox x ®n — - 

' ^%),v 

k(y) = k(x). Therefore, J ■ (Ox x ®n~- k(y)) = and applying Lemma 

13,1. Ill we deduce that f~ 1 (y) = f^iv)- Reciprocally, suppose that (2) 
holds and let us show that given x G X, the morphism / is unramified at 
x. If y = f(x), we have that f Q ~ 1 (y) is an unramified fc(y)-scheme at x (cf. 
|EGA 1V 4 1 (17.4.1)]) and since f~ x {y) = /^(y), from Proposition 13X51 
there results that / is unramified at x. □ 

Lemma 3.1.11. Let A be a J-adic noetherian ring such that for all open 
prime ideals p C A, J p = 0. Then J = and therefore, the J-adic topology 
in A is the discrete topology. 

Proof. Since every maximal ideal m C A is open for the J-adic topol- 
ogy, we have that J m = 0, for all maximal ideal m C A, so J = 0. □ 

3.1.12. As consequence of Corollary 13 . 1 . 101 there results that: 

• If / : X — ► 2) is an unramified morphism in NFS then / _1 (y) is a 
usual scheme for all x £ X being y = f(x). 

• In Corollary 13. 1 .61 assertion (2) may be written: 

(2') For all x E X, y = f{x), f~ 1 (y) is a unramified k(y)-scheme at x. 

From Proposition 13.1.51 we obtain the following result, in which we pro- 
vide a description of pseudo closed immersions that will be used in the 
characterization of completion morphisms (Theorem I3.4.4|) . 

Corollary 3.1.13. Given f : X -»• 2) in NFS, let J C O x and K C O v 
be Ideals of definition such that f*(JC)Ox C J and that let us express 

f = lim f n - 

The morphism f is a pseudo closed immersion if, and only if, f is unramified 
and fo : Xq —^Yq is a closed immersion. 

Proof. If / is a pseudo closed immersion, by Corollary 13.1.21 there re- 
sults that / is unramified. Reciprocally, suppose that / is unramified and 
that /o is a closed immersion and let us show that f n : X n — ► Y n is a closed 
immersion, for each n € N. By jEGA Tl (4.2.2. (ii))] it suffices to prove 
that, for all x G X with y = f(x), the morphism Oy n , y — > Ox n ,x is sur- 
jective, for all n G N. Fix x G X, y = f(x) G 2) and n G N. Since fo 
is a closed immersion, by |EGA II loc. cit.], we have that Oy q , v — > Ox ,x 
is surjective and therefore, Spi(Ox,x) — > Spf(C^ )2/ ) is a pseudo finite mor- 
phism, so, the morphism Oy n , y — > Ox n ,x is finite fsee 11.3.3]) . On the other 
hand, since / is unramified by Proposition 13. 1 . ll we get that f n is unramified 
and therefore, applying Proposition EX5J we have that my„ ]y 0x„. 

,x — V^X n ,x- 
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Then by Nakayama's lemma we conclude that Oy n ,y — > Ox n ,x is a surjective 
morphism, for all n € N. □ 

3.2. Smooth morphisms 

The contents of this section can be structured in two parts. In the first 
part we study the relationship between the smoothness of a morphism 

/ = lim f n 

in N FS and the smoothness of the morphisms f n and we locally characterize 
smooth morphisms. In the second part, we provide a local factorization for 
smooth morphisms (Proposition 12223) • We also prove in Corollary 13.2.131 
the Jacobian criterion, that is a useful explicit condition in terms of a matrix 
rank for determining whether a closed subscheme in the affine formal space 
or in the affine formal disc is smooth or not. 

Proposition 3.2.1. Given f : X -> 2J in NFS let J C O x and K C O v 
be Ideals of definition with f*(tC)Ox C J such that 

f = lim fn- 

If f n : X n — > Yn is smooth, for all n G N, then f is smooth. 

Proof. By Proposition l2.4.IHl we may assume that / is in NFS a f. Let Z 
be an affine a scheme, w : Z — » 2) a morphism, T <^-> Z a closed 2)-subscheme 
given by a square zero Ideal and consider u : T — > X a 2}-morphism. Since / 
and u; are morphisms of affine formal schemes we find an integer k > such 
that -u;*(/C fc+1 )0z = and u*{J k+1 )Or = and therefore u and w factors 

as T Xk X and Z — ^» 2), respectively. Since is formally 

smooth, there exists a Y^-morphism : Z — > such that the following 
diagram is commutative 

T c > Z 

— - — 

X >2J. 

Thus the 2J-morphism v := ik o satisfies that u|t = w and then, / is 
formally smooth. Moreover, since /o is a finite type morphism, it holds that 
/ is of pseudo finite type and therefore, / is smooth. □ 
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Corollary 3.2.2. Let f : X — ► 2) be an adic morphism in NFS anc? 
consider /C C an /(iea/ o/ definition. The morphism f is smooth if, and 
only if, all the scheme morphisms {/ n : X n — » Y^} n eNj determined by the 
Ideals of definition /C C C*g and = f*(JC)Ox, are smooth. 

Proof. If / is adic, by Proposition II . 2 . 51 we have that for all n G N the 
following diagrams are cartesian squares: 



X n ► Y n . 

Then by base-change fProposition l2.4.11j) we have that f n is smooth, for all 
n € N. The reciprocal follows from last proposition. □ 

In the next example we show that the reciprocal of Proposition 13.2.11 
does not hold in general. 

Example 3.2.3. Let K a field and A^ = Spec(if [T]). Given the closed 
subset X = V((T)) C AL, Corollary I2.4.2UI implies that the canonical com- 
pletion morphism 

of A^ along X is etale. However, picking in A^ the Ideal of definition 0, 
the morphisms 

Spec{K[T]/(T) n+1 ) ^ A^ 

are not flat, whence it follows that not be smooth for all n € N (see 

Proposition I2.5.5|) . 

Our next goal will be to determine the relation between smoothness of 
a morphism 

/ = lim /„ 

neN 

and that of /o (Corollaries 13.2.61 and l3~2~8|) . In order to do that, we need to 
characterize smoothness locally. 

Proposition 3.2.4. Let f : X — > 2) be a pseudo finite type morphism in 
NFS. Given x G X, y = f{x) the following conditions are equivalent: 

(1) The morphism f is smooth at x. 

(2) Ox, x is a formally smooth 0<q :V - algebra for the adic topologies. 

(3) Ox,x is a formally smooth Osg iV -algebra for the adic topologies. 

(4) The morphism f is flat at x and f~ 1 (y) is a k(y) -formal scheme 
smooth at x. 

Proof. Since is a local question and / is of pseudo finite type, we 
may assume that f : X = Spf(A) — > 2J = Spf(-B) is in NFS a f, with A = 
B{ Tu ... ,T r }[[Z 1 ,...,Z s ]]/I and I C B' := B{T}[[Z}] an ideal (Proposi- 
tion EH2J). Let p C A be the open prime ideal corresponding to x, q C B 
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the open prime such that p = q/I and r C B the open prime ideal corre- 
sponding to y. 

(1) => (3) Replacing X by a sufficiently small open neighborhood of x we 
may suppose that A is a formally smooth l?-algebra. Then, by |EGA IVil 
(0.19.3.5)] we have that Ap is a formally smooth l? r -algebra and Lemma 
12.4.61 implies that Ox, x = Ap is a formally smooth 0<y jy = -B r -algebra. 

(2) 44> (3) It is a consequence of Lemma T2.4.6I 

(3) =4* (1) By Lemma 12.4.61 assertion (3) is equivalent to Ap be a for- 
mally smooth £? c -algebra. Then the Zariski's Jacobian criterion (Proposition 
I2.5.11|) implies that the morphism of Ap-modules 

q 

is right invertible and since Ap is a faithfully flat A{ p }-algebra and i b ®b' 
A){p} is a projective A{p}-module (see Proposition 12. 5. 5]) . by |EGA IVil 
(0. 19.1.14. (ii))] there results that the morphism 

(^){P| ~* (^B'/B ®B' ^){p} 

is right invertible. From the equivalence of categories 12.2.31 we find an 
open subset H C 3L with x € ii such that the morphism 

is right invertible in it. Now, by Zariski's Jacobian criterion for formal 
schemes (Corollary 12.5.12(1 it follows that / is smooth in it. 

(3) =>■ (4) By Lemma 12.5.41 we have that Ox, x is &g) )2/ -flat and by 
H~4~2l / is flat at x. Moreover from |EGA IVj (0.19.3.5)] we deduce that 
Cjj ®j= — - k(y) is a formally smooth fc(y)-algebra for the adic topologies or, 

equivalently, by (3) -£4> (1) f~ 1 (y) is a fc(y)-formal scheme smooth at x. 

(4) => (3) Bv 11.4.21 we have that Ap is a flat S r -module and therefore, 
there results that 

r/q t£ q tA p 

is an exact sequence. On the other hand, since f~ 1 (y) is a /c(y)-formal 
scheme smooth at x, from (1) (2) we deduce that Ox x ®^ — - k(y) is 

a formally smooth fc(y)-algebra for the adic topologies or, equivalently by 
Lemma l2.4.6| Ap/xAp is a formally smooth fc(r)-algebra for the adic topolo- 
gies. Applying Zariski's Jacobian criterion (Proposition I2.5.11j) . we have 
that the morphism 

-£ ®s r k(v) -» (^, /B ) q g B / A p ® Br fc(t) 
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is right invertible. Now, since {£i^i/ B )q is a projective -B^-module (see Propo- 
sition by |EGA I| (0.6.7.2)] we obtain that 

72 ~* ^B>JB t ®Bt A P 

q 

is right invertible. Then, by the Zariski's Jacobian criterion, Ap is a formally 
smooth i? r -algebra for the adic topologies or, equivalently by Lemma 12.4.61 
Ap is a formally smooth S r -algebra. 

□ 

Corollary 3.2.5. Let f : X — > 2) be a pseudo finite type morphism in 
NFS. The following conditions are equivalent: 

(1) The morphism f is smooth. 

(2) For all x G X, y = f(x), Ox,x is a formally smooth O^^- algebra 
for the adic topologies. 

(3) For all x £ X,y = f(x), Ox, 

x is a formally smooth Ofg^y-algebra 

for the adic topologies. 

(4) The morphism f is flat and f~ 1 (y) is a k(y) -formal scheme smooth 
at x, for all x G X, y = f(x). 

Corollary 3.2.6. Let f : X — > 2) be an adic morphism in NFS and 
K, C 0%) an Ideal of definition. Put 

f = lim fn 

using the Ideals of definition K, C Osg and J = f*{K,)Ox C Ox- Then, the 
morphism f is smooth if, and only if, it is flat and the morphism /o : Xq — ► 
Yq is smooth. 

Proof. Since / is adic, the diagram 

X— ^2J 



is a cartesian square (Proposition ll.2.5|) . If / is smooth, by base-change 
there results that /o is smooth. Moreover by Pr op osition 12 . 5 . 51 we have that 
/ is flat. Reciprocally, if / is adic bv ll.2.1(H we have that / _1 (y) = f^iy), 
for all x G X, y = f(x). Therefore, since /o is smooth, by base-change there 
results that f~ 1 (y) is a /c(y)-scheme smooth at x, for all x G X, y = f{x) 
and applying Corollary 13.2.51 we conclude that / is smooth. □ 

The following example shows that the last result is not true without 
assuming the "adic" hypothesis for the morphism /. 

Example 3.2.7. Given K a field, let be the n-dimensional projective 
space and X C P^- a closed subscheme that is not smooth over K. If we 
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denote by (f"x)/X the completion of IP^ along X, by Proposition I2.4.2T1 we 
have that the morphism 

(P n K ) /x ^ Spec(K) 

is smooth but /q : X — > Spec(-RT) is not smooth. 

Corollary 3.2.8. c7wen / : 3t — > 2) a morphism in NFS Zei C Ox 
and K, C 0<g 6e Ideals of definition such that f*(K)Ox C ^7 a^d mi/i i/iis 
choice let us express 

f = lim /„. 

ngN 

// / zs /Zai, /o : Xo — > Yq is a smooth morphism and = fo (y), for 

all y = f(x) with x G X, then f is smooth. 

PROOF. Since /o is smooth and / _1 (y) = f^iy) for all y = f(x) with 
x € X, we deduce that is a smooth /c(y)-scheme. Besides, by hypoth- 

esis / is flat and Corollary 13.2.51 implies that / is smooth. □ 

Example 13.2.71 illustrates that the reciprocal of the last corollary does 
not hold. 

Every morphism / : X — > Y smooth in Sch is locally a composition of 
an etale morphism U — > Ay and of the projection Ay — > Y. Proposition 
13.2.91 generalizes this fact for smooth morphisms in NFS. 

Proposition 3.2.9. Let f : X — > 2J be a pseudo finite type morphism in 
NFS. The morphism f is smooth in x G X if, and only if, there exists an 
open subset it C X with x £ it such that /|n factors as 

il^A|^2J 

where g is etale, p is the canonical projection and n = rg(J7^ ^ f )■ 

Proof. As this is a local question, we may assume that f : X = 
Spf(.A) — > 2} = Spf(-B) is a smooth morphism in NFS a f. By Proposition 
12.1.81 and by Lemma 12.5.41 we have that £l A , B is a projective ^-module of 
finite type and therefore, if p C A is the open prime ideal corresponding 
to x, there exists h 6 A \ p such that r(2)(/i), fi^/gj) = &a h /B ls a ^ ree 
j4{/j}-module of finite type. Put it = Spf (Atm.). Given {dai, da2, ■ ■ ■ , da n } a 
basis of Q\ h consider the morphism of 2J-formal schemes 

it^A| = Spf(B{r 1 ,r 2 ,...,r n }) 

defined through the category equivalence Ijl.l.lO.lj) by the continuous mor- 
phism of topological .B-algebras 

B{Ti,T 2 , . . . ,T n } — ► A{ h y 
Ti a,-. 
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The morphism g satisfies that f\n = p o g. Moreover, we deduce that 
9*Q\n I<q = £7^. (see the definition of g) and by Corollary 12.5. 101 we have 
that g is etale. □ 

Remark. This result has appeared in local form in [Y981 Proposition 
1.11]. 

Corollary 3.2.10. Let f : X — > 2J be a smooth morphism at x £ X and 
y = f{x). Then 

dim x f = v g (n 1 0xx/0vy ). 

Proof. Put n = rg(0^ ^ ). Bv Proposition 13.2.91 there exists 11 C 

X with x G il such that /|y factors as it — > A|j — > 2) where 5 is an etale 
morphism and p is the canonical projection. Applying Proposition EE3] we 
have that /|^ and g are flat morphisms and therefore, 

dim x f = dimO x ,x ®o^~~ y k (v) = dim - dim 
dirn^ = dimOx,x® -^—- k(g(x)) = dimO^x - dimCV >g ( x y 

Now, since 5 is unramified by Corollary 13 . 1 .81 we have that dim x g = and 
therefore dim x / = dim C A n — dim Og)^ = n. □ 

Proposition 3.2.11. Lei / : X — > 2J 6e a morphism of pseudo finite 
type and X' <— > X a closed immersion given by the Ideal T C 0£ anrf pui 
/' = /!.£'• ^/ / smooth at x £ X' , n = d\m x f and y = f(x) the following 
conditions are equivalent: 

(1) The morphism f is smooth at x and dim x f'~ l {y) = n — m 

(2) The sequence of Ox-modules 

2 - 1 ~j 
-> ^ ®e> x ~> ^£'/2) ~> 

zs exact 1 at x and, on a neighborhood of x, the Modules are locally 
free of ranks m, n and n — m, respectively. 

Proof. Since / : X — > 2J is a smooth morphism at x, replacing X, if 
necessary, by a smaller neighborhood of x, we may assume that / : X = 
Spf(.A) — > 2) = Spf(-B) is a morphism in NFS a f smooth at x and that 
X' = Spf(A/I). Therefore, applying Proposition 12.5.51 and Corollary 13.2.101 
we have that ^j^/sg is a locally free Ox-Module of rank n. 

Let us prove that (1) =^> (2). Replacing, again, if it is necessary X' by 
a smaller neighborhood of x, we may assume that /' : X' — > 2J is a smooth 
morphism and then, applying Proposition 12.5.51 and Corollary 13.2.101 there 



^Let (X, Ox) be a ringed space. We say that the sequence of Ox-Modules 
is exact at x € X if — ► J- x — * Q x — * H x —* is exact. 
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results that &£r/sg is a locally free Ox'-Module of rank n — m. On the 

other hand, Zariski's Jacobian criterion for formal schemes (Corollarv l2.5.12|) 

implies that the sequence 

I - 1 - 1 
-» j2 ~* ®o x O x > -> ^3-//3, -> 

is exact and split, from where we deduce that I/I 2 is a locally free Ox>- 
Module of rank m. 

Reciprocally, applying EGA I, (0.5.5.4)] to the Second Fundamental 

Exact Sequence (|2.3.4.1|) associated to the morphisms X' > X — » X, we 
deduce that there exists an open formal subscheme il C X' with x £ il such 
that 

is exact and split. From Zariski's Jacobian criterion (Corollary I2.5.12|) it 
follows that /'In is smooth and therefore, /' is smooth at x. □ 

Locally, a pseudo finite type morphism / : X — > 2), factors as il i 
^A s ~^ where j is a closed immersion (see Proposition 11.3.21 l| T ]) ). In 
Corollary 13.2.131 we provide a criterion in terms of a rank of a matrix that 
determines whether il is smooth over 2J or not. Next, we establish the 
necessary preliminaries. 



3.2.12. Given 2J = Spf(A) in NFS af consider X C a closed for- 

mal subscheme given by an Ideal I = I A with I = {gi , g2, ■ ■ ■ , 9k) C 
A{Ti, . . . , T r }[[Zi, . . . , Z s ]]. In Example 12 . 1 . 71 we have seen that 

{effi, (IT2, . . . , dT r , dZi, dZ2, . . . , (iZ^} 
is a basis of ^{t}[[z]]/a an( ^ a ^ so ' §i ven 9 ^ ^{T}[[Z]] it holds that: 

i=l j'=l J 

where cf is the complete canonical derivation of A{T}[[Z]] over A. For all 5 G 
A{T}[[Z]], s € dT2, . . . , cff r , difi, . . . , dZ s } and x G X, denote 

by |f (x) the image of §f G A{T}[[Z]] in fc(s). We will call 

/t5tK x ) 75tM x ) ••• T^ir ( x ) sUK*) ■" 7$k( x )\ 



Jac 3e/ 2 ) (x) 



9g2 („\ dgz ( \ dg 2 r \ Qg% r \ dg 2 r \ 

dT^l ffftW ■■■ dZi\ X > dZ 2 \ x > '•• dZ s \ X ) 

\ ^3K(t\ §9k_(rr\ 9g k ( \ dg k i \ dg k r \ 

\&T\ <■ / dT 2 \ x > ■■■ 9zrW sz 2 W ••• az s v x V 



the Jacobian matrix of X over 2) «i This matrix depends on the chosen 
generators of I and therefore, the notation Jacx/%)(x) is not completely 
accurate. 
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Corollary 3.2.13. (Jacobian criterion for the affine formal space and 
the affine formal disc). Given 2) = Spf(^4) in NFS a f and an ideal I = 
(<?i ,92, ■ ■ ■ , 9k) C A{Ti, . . . , T r }[[Z\, . . . , Z s ]], let X C D^r be the closed 

formal subscheme defined by 2 = I A . The following assertions are equiva- 
lent: 

(1) The morphism / : 3t — s- 2) is smooth at x and dim x f = r + s — I. 

(2) There exists a set {gi, ,g 2 , ■ ■ ■ > 9i} C {gi ,g 2 , • • • > 9k} such that 
%l = {9i, ,92,, 9l,)Ox, x and rg(Jac x/ g(x)) = I. 

Proof. Suppose (1). By Proposition l3.2.lT1 we have that the sequence 
2 ^ 

is exact at x and the corresponding (^-Modules are locally free, in a neigh- 
borhood of x, of ranks I, r + s and r + s — I, respectively. Therefore, there 
results that 

2 -~~ ~ 

-> ^ ^B s r /<g ®0D« r ®Ox (3-2.13.1) 

is an exact sequence of /c(x)-vector spaces of dimension /, r + s, r + s — I, 
respectively. Thus, there exists a set {g±, g2, ■ ■ ■ , gi} C {gi, g2, • • • , gk} such 
that {<?i (x), g2{x), . . . , fl'z(x)} provides a basis of 2/2 2 ®o x k{x) at x and by 
Nakayama's lemma there results that I x = (g\ ,g2 t , ■ ■■ , gi)0% x . Besides, 
from the exactness of the sequence ()3.2.13.1|) and from the equivalence of 
categories 12.2.31 (0) we deduce that the set 

{dgi(x), dg 2 (x), dgi(x)} C ^a{t}[[z]]/a ®A{t}[[z]] K x ) 

is linearly independent and, therefore, we have that rg(Jac£/2)(x)) = I. 

Conversely, from the Second Fundamental Exact Sequence (|2,3.4,1[) as- 
sociated to the morphisms X D^r — > 2) we get the exact sequence 

2 ^ 

-2 ® 0as fc(x) -> nL p /?J ®o D3 /c(x) -> n x/fg ® 0x k(x) -> 0. 

On the other hand, since rg(Jac£/2)(x)) = /, we have that 

{d#i(x), ,dg 2 (x), dgi(x)} C ^a{t}[[z]]/a ®A{t}[[z]] &(x) 

is a linearly independent set. Extending this set to a basis of the vector 
space ^\{t}[[z]]/a ®-4{t}[[z]] k(x), by Nakayama's lemma we find a basis 

B C ^jjj s r /2) sucn that {dgi, dg2, • • • , c?^} C B 

and therefore, 

{dgi, ,dg 2 , ... , dgi} C ^a{t}[[z]]/a ®a{t}[[z]] A{T}[[Z]]/I 
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is a linearly independent set at x. Thus the set {gi > ,52,, • • • , gi,} gives a 
base of I/I 2 at x and by the equivalence of categories 12 1 2 .31 Q we have that 
the sequence of 0^-Modules 

X ^1 -1 
°B* r /sg ^Odj,^ ^ x/2) 

is split exact at 2 of locally free Modules of ranks I, r + s and r + s — I, 
respectively. Applying Proposition 13.2. lTl there results that / is smooth at 
x and dim x / = r + s — I. □ 

Notice that the Jacobian criterion for the affine formal space and the 
affine formal disc ( Cor ollarv 13 . 2 . 1 3"j) generalize the Jacobian criterion for the 
affine space in Sch QAK70I Ch. VII, Theorem (5.14)]). 

The next corollary will be used later in the development of the deforma- 
tion theory of smooth formal schemes (Chapter 

Corollary 3.2.14. Let us consider in NFS a closed immersion 2J' w 2J 
and a smooth morphism /':£'—> 2J'- For all points x £ X' there exists an 
open subset it' C X' with x € il' and a locally noetherian formal scheme il 
smooth over 2) such that il' = il x<g 2J'- 

Proof. Since it is a local question we may assume that the morphisms 
2J' = Spf(B') ^ 2J = Spf(B) and f':X' = Spi(A') -> 2)' = Spf(B') are 
in NFS a f and that there exist r, s € N such that, if we put S'{T}[[Z]] := 
B'{T\, . . . , T r }[[Z%, . . . , Z s ]], the morphism /' factors as 

X' = Spf(A') - B>l h = Spf(£'{T}[[Z]]) ^ 2)' = Spf(S'), 

where X' Bit- is a closed subscheme given by an Ideal T = {I') A C 
0]D S j with /' C -B'{T}[[Z]] an ideal, and p' is the canonical projection (see 

Proposition 11.3.21 (fT|)K Fix x E As /' is smooth, by Jacobian criterion 
for the affine formal space and the affine formal disc (Corollary 13 . 2 . 1 3"|) . we 
have that there exists {g[, g' 2 , ■ ■ ■ , g[} C /' such that: 

(91, ,92,, • • • , 9i,)O x ,x = 4 and rg(Jac 3 ^/ 3) /(a;)) = I (3.2.14.1) 

Replacing, if it is necessary, X' by a smaller affine open neighborhood of x 
we may assume that V = (g[, g' 2 , . . . , g[). Let {g x , g 2 , . . . , g t } C B{T}[[Z}} 
such that g { € B{T}[[Z]] ~> 5- € B'{T}[[Z]] through the continuous ho- 
momorphism of rings £{T}[[Z]] -» B'{T}[[Z}] induced by B -» B' . Put 
I := { 91 , g 2 , ... , 9l ) C B{T}[[Z]] and X := Spf(fi{T}[[Z]]//). It holds that 
X' C X is a closed subscheme and that in the diagram 
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the squares are cartesian. From (j3.2.14.1j) we deduce that rg(Jac£/2j( x )) = I 
and, applying the Jacobian criterion for the affine formal space and the affine 
formal disc, there results that X — > 2) is smooth at x £ X. In order to finish 
the proof it suffices to take il C X an open neighborhood of x € X such that 
the morphism il — > 2) is smooth and it' the corresponding open set in X'. 

□ 

3.3. Etale morphisms 

The main part of the results of this section are consequence of that 
obtained in Sections 13.11 and 13.21 These results allow us to characterize in 
Section E31 two important classes of etale morphisms: open immersions and 
completion morphisms. 

Proposition 3.3.1. Given f : X -> 2) in NFS let J C O x and K C Oy 
be Ideals of definition with f*()C)Ox C J ■ Let us write 

f = lim f n . 

ngN 

If f n : X n — > y n is eiaZe, Vn € N, i/ien / is eia/e. 

Proof. It is a consequence of the corresponding results for unramified 
and smooth morphisms (Proposition 13 . 1 HI and Proposition 13.2. Tj) . □ 

Corollary 3.3.2. Let f : X — * 2J be an adic morphism in NFS and 
/C C 02) an Ideal of definition. Consider {/„,} n gN the direct system of 
morphisms of schemes associated to the Ideals of definition /C C (D<g and 
J = f*(IC)Ox C Ox- The morphism f is etale if, and only if, the morphisms 
f n : X n — > are etale Vn G N. 

Proof. It follows again from the results for the unramified and smooth 
morphisms ( Proposition 13 . 1 HI and Corollary I3.2.2|) . □ 

Proposition 3.3.3. Let f : X — > 2J 6e an adic morphism in NFS and 
/ei /o : — > Yq be the morphism of schemes associated to the Ideals of 
definition K, C 0<y and J = f*(JC)Ox C Ox- Then, f is etale if, and only 
if, f is flat and fo is etale. 

Proof. It is deduced from the analogous results for the unramified and 
smooth morphisms (Proposition 13.1. "31 and Corollary I3.2.6|) . □ 

Note that example 13.2.31 on page shows that in the non adic case 
the last two results do not hold and also, that in general, the reciprocal of 
Proposition 13 .3 .11 is not true. 

Proposition 3.3.4. Let f be a pseudo finite type morphism in NFS and 
J C Ox and /C C 0<g Ideals of definition such that f*(IC)Ox C J and, with 
this choice, let us write 

f = hm f n . 

ngN 
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If fo ■ X -> Y is etale, f is flat and f = fo (v)> f or al1 V = f( x ) 
with x £ X, then f is etale. 

PROOF. It follows from Corollary 13.1.101 and Corollary 13.2.81 □ 

Example 13.2.31 shows that the reciprocal of the last result is not true. In 
the next Proposition a local characterization of etale morphisms is given. 

Proposition 3.3.5. Given f : X — ► 2J a morphism in NFS of pseudo 
finite type, let x E X and y = f{x), the following conditions are equivalent: 

(1) / is etale at x. 

(2) Ox,x is a formally etale 0^ y - algebra for the adic topologies. 
(2') Ox,x is a formally etale Om y - algebra for the adic topologies. 

(3) / is flat at x and f^ 1 (y) is a k{y) -formal scheme etale at x. 

(4) / is flat and unramified at x. 
(4') / is flat at x and {&x/<q)x = 0. 

(5) / is smooth at x and a quasi- covering at x. 

PROOF. Applying Proposition 13.1 .5*1 and Proposition 13.2.4*1 we have that 

(5) <= (1) o (2) & (2') (3) => (4) ^ (4'). 

To show (4) =4* (5), by Corollarv l3.1.7l it suffices to prove that / is smooth at 
x. By hypothesis, we have that / is unramified at x and by Proposition 13. 1 .51 

there results that Ox x — - k(y) = k(x) and k{x)\k{y) is a finite separable 

' Si* 

extension, therefore, formally etale. Since / is flat at x, by Proposition 13. 2. 41 
we conclude that / is smooth at x. 

Finally, we prove that (5) =>• (1). It suffices to check that / is unramified 
at x or, equivalently by Proposition 13.1.51 that Oxx ®n~~ k(y) = k{x) and 
that k(x)\k(y) is a finite separable extension. As / is smooth at x, applying 
Proposition 13.2.4*1 we have that Ox, x is a formally smooth O^-algebra for 
the adic topologies. Then by base-change there results that Ox,x®^~k(y) is 

a formally smooth fc(y)-algebra. By Remark |2.4l we have that Ox x®n~~~ k(y) 
is a formally smooth A;(y)-algebra for the topologies given by the maximal 
ideals and from Ma86, Lemmal, p. 216] it holds that Oxx ®n — - k(y) is 

a regular local ring. Besides, by hypothesis we have that Ox x ®n — - k(y) is 

a finite A;(y)-module, therefore, an artinian ring, so Oxx k{y) = k(x). 

Since k(x) = Oxx ®f\ — - k(y) is a formally smooth A;(y)-algebra we have 
that k(x)\k{y) is a separable extension (cf. |EGA IVJ (0.19.6.3)]). □ 

Corollary 3.3.6. Let f : X — > 2) be a pseudo finite type morphism in 
N FS . The following conditions are equivalent: 

(1) f is etale. 
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(2) For all x £ 3L, y = f(x), Ox,x is a formally etale Osg )V -algebra for 
the adic topologies. 

(2') For all x G X, y = f{x), Ox, x is a formally etale Org ^-algebra for 
the adic topologies. 

(3) For all x E X, y = f(x), f (y) is a k{y)-formal scheme etale at x 
and f is flat. 

(4) / is flat and unramified. 
(4') / is flat and = 0. 

(5) / is smooth and a quasi-covering. 

Example 3.3.7. Given a field, K the canonical morphism of projection 
— > Spec(-RT) is smooth, pseudo quasi-finite but it is not etale. 

In Sch a morphism is etale if, and only if, it is smooth and quasi-finite. 
The previous example shows that in N FS there are smooth and pseudo quasi- 
finite morphisms that are not etale. It is, thus, justified that quasi-coverings 
in NFS (see Definition I1.3.7JI is the right generalization of the notion of 
quasi-finite morphisms in Sch. 

3.4. Special properties of etale morphisms 

In this section we characterize two types of morphisms: open immersions 
and completion morphisms in terms of etale morphisms. While the first 
of these results (Theorem I3.4.3J1 extends a well-known fact in the context 
of usual schemes, the other (Theorem I3.4.4JI is a special feature of formal 
schemes. The section also contains Theorem 13.4.61 in which we establish an 
equivalence of categories between the etale adic 2J-formal schemes and the 
etale Yo-schemes for a locally noetherian formal scheme 

2) = Mm Y n . 

These statements are significant by themselves and also play a basic role for 
the structure theorems on next section. 

We begin with two results that will be used in the proof of the remainder 
results of this chapter. 

Proposition 3.4.1. In NFS let us consider a formally etale morphism 
f : X — ► 2) , a morphism g : & — > 2) and C C Oq an Ideal of definition of & . 
Let us write with respect to C 

6 = lim S n . 

neN 

If ho : So — > X is a morphism in NFS that makes commutative the diagram 

s c — , e 



ho g 
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where Sq <—* & is the canonical closed immersion, then there exists a unique 
%) -morphism I : S — > X in NFS such that l\s = ho- 

Proof. By induction on n we are going to construct a collection of 
morphisms {h n : S n — > X} ng N such that the diagrams 

Sn— 1 




are commutative. For n = 1, by 12.4.31 there exists a unique morphism 
hi : Si — > X such that foi|s = /io and g , |5 1 = f o hi. Take n € N and 
suppose constructed for all < k < n morphisms hk ■ Sk — > X such that 
^fclSfc.! = /ifc-i and (/|5 fc = / o Again bv 12.4.31 there exists an unique 
morphism h n : S n — > X such that ^ n |5„_i = ^n-i and g 1 !^ = / o It is 
straightforward that 



Z := 



lim /i r 



is a morphism of formal schemes and is the unique such that the diagram 

So c >& 



ho 




2J 



commutes. 



□ 



Remark. The last result is also true if / is formally smooth. 



Corollary 3.4.2. Let f : X — > 2) be an etale morphism in NFS and 
J C Ox and /C C Osg Ideals of definition with f*(tC)Ox C 2 such that 
the relevant morphism Jq : Xq — > Y"o is an isomorphism. Then f is an 
isomorphism. 



Proof. By Proposition 13.4. fl there exists a unique morphism g : 2) 
such that the following diagram is commutative 

2) 
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Then, by Corollary 12.4.151 it holds that g is an etale morphism. Thus, 
applying Proposition 13.4.11 we have that there exists an unique morphism 
/' : X — ► 2J such that the following diagram is commutative 

X 




so, necessarily f = f and / is a isomorphism. □ 

In Sch open immersions are characterized as being the etale morphisms 
which are radical (see lEGA IV^ (17.9.1)]). In the following theorem we 
extend this characterization and relate open immersions in formal schemes 
(Definition ll.2.24*jl with their counterparts in schemes. 

Theorem 3.4.3. Let f : X — ► 2) be a morphism in NFS. The following 
conditions are equivalent: 

(1) / is an open immersion. 

(2) / is adic, flat and if fC C Osy an Ideal of definition and J = 
f*(K,)Ox C Ox, the associated morphism of schemes /o : Xq — > Yq 
is an open immersion. 

(3) / is adic etale and radical. 

(4) There are J C Ox and fC C 0<q Ideals of definition satisfying that 
f*(IC)Ox C J such that the morphisms f n : X n — > Y n are open 
immersions, for all n E N. 

Proof. The implication (1) => (2) is immediate. Given K, C Osg an 
Ideal of definition, suppose (2) and let us show (3). Since /o is an open 
immersion, is radical, so, / is radical (see Definition 11.2.251 and its attached 
paragraph). On the other hand, fo is an etale morphism and then, by 
Proposition 13.3.31 we have that / is etale. Let us prove that (3) => (4). 
Given /C C 0<y an Ideal of definition and J = f*()C)Ox, by Corollary 13.3.21 
the morphisms f n : X n — > Y n are etale, for all n G N. The morphisms f n are 
radical for all n G N (see Definition and thus by |EGA 1V 4 1 (17.9.1)] 
it follows that f n is an open immersion, for all n G N. Finally, suppose that 
(4) holds and let us see that / is an open immersion. With the notations of 
(4), there exists an open subset Uq C Yq such that fo factors as 

Xq Ik Uq & Yq 

where /q is an isomorphism and io is the canonical inclusion. Let il C 2) be 
the open formal subscheme with underlying topological space Uq. Since the 
open immersion i : il — > 2) is etale, then Proposition 13.4. ll implies that there 
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exists a morphism /' : X — *■ il of formal schemes such that the diagram: 




is commutative. On the other hand, since the morphisms f n are etale, for 
all n £ N, Proposition 13. 3. fl implies that / is etale. Then by Corollary 12. 4. 141 
we have that /' is etale and applying Corollary I3.4.2( /' is an isomorphism 
and therefore, / is an open immersion. □ 



Every completion morphism is a pseudo closed immersion that is flat 
(cf. Proposition 11,4. TT|) . Next, we prove that this condition is also suffi- 
cient. Thus, we obtain a criterion to determine whether a 2J-formal scheme 
X is the completion of 2) along a closed formal subscheme. The comple- 
tion morphisms will play an important role in the structure theorems of 
unramified morphisms, etale morphisms and smooth morphisms of section 
1331 

Theorem 3.4.4. Let f : X —> 2) be a morphism in NFS and let J C 
Ox and /C C be Ideals of definition such that f*()C)Ox C J ■ Let us 
write fo : Xq — » Yq the corresponding morphism of ordinary schemes. The 
following conditions are equivalent: 

(1) There exists a closed formal subscheme 2J' C 2) such that f is the 
morphism of completion of ft) along 2J' and therefore, X = %)/%)'■ 

(2) The morphism f is a flat pseudo closed immersion. 

(3) The morphism f is etale and fo : Xq — > Yq is a closed immersion. 

(4) The morphism f is a smooth pseudo closed immersion. 

Proof. The implication (1) => (2) is Proposition ll.4.lTl Let us show 
that (2) => (3). Since / is a pseudo closed immersion, by Corollary 13.1.131 
we have that / is unramified. Then as / is flat, Corollary 13.3.61 implies that 
/ is etale. The equivalence (3) <5 (4) is consequence of Corollary 13.1.131 
Finally, we show that (3) (1). By hypothesis, the morphism /o : Xq — > 2J 
is a closed immersion. Consider k : 2} /x — » 2J the morphism of completion 
of 2) along Xq and let us prove that X and 2) /x are 2J-isomorphic. By 
Proposition 12.4.211 the morphism k is etale so, applying Proposition 13.4.11 
we have that there exists a 2J-morphism ip • X — ► 2J lx such that the 
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following diagram is commutative 




From Proposition 12.4. IH there results that (f is etale and then by Corollary 
13.4.21 we get that ip is an isomorphism. □ 

Remark. In implication (3) =>■ (1) we have proved that given 2J in NFS, 
a closed formal subscheme 2)' C 2) defined by the Ideal I C 0<g, then for 
every Ideal of definition JC C 0<g of 2) , it holds that 

V/v = V/y£ 

where Y ' = ^', Oy/p + JC)). 

3.4.5. Given an etale scheme Y and Yo C Y a closed subscheme with 
the same topological space, the functor X X Xy Yq defines an equiv- 
alence between the category of etale ^-schemes and the category of etale 
Yo-schemes (see |EGA IV4I (18.1.2)]). In the next theorem we extend this 
equivalence to the category of locally noetherian formal schemes. A special 
case of this theorem, namely 2J is smooth over a noetherian ordinary base 
scheme, appears in |Y981 Proposition 2.4]. 

Theorem 3.4.6. Let 2J be in NFS and JC C C*g an Ideal of definition 
respect to which 2J = lim Y n . Then the functor 

nSN 

p 

etale adic 2J -formal schemes — * etale Yo-schemes 
X ~» X Xm Yq 

is an equivalence of categories. 

PROOF. By |McL71[ IV, §4, Theorem 1] it suffices to prove that: a) 
F is full and faithful; b) Given Xq an etale Yo-scheme there exists an etale 
adic 2J-formal scheme X such that F(X) = X x>g Yq = Xq. 

The assertion a) is an immediate consequence of Proposition 13.4. ll 
Let us show b). Given Xq an etale Yo-scheme in Sch by |EGA IV^ 
(18.1.2)] there exists X% a locally noetherian etale Y"i-scheme such that 
X\ Xy t Yo = -X^o- Reasoning by induction on n G N and using EGA IV4I 
loc. cit], we get a family {X n }„ e N such that, for all n G N X n is a locally 
noetherian etale Y^-scheme and X n xy n Y n _\ = X n —i, for all n £ N. Then 
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X := lim X n is a locally noetherian adic 2)-formal scheme (by |EGA l| 



net 



(10.12.3.1)]), 



X xyY = lim (X n x y „ Y ) = X 



and X is an etale 2)-formal scheme (see Proposition 13.3. Tj) . 



□ 



Question 2. It seems plausible that there is a theory of an algebraic 
fundamental group for formal schemes that classifies etale adic surjective 
maps to a noetherian formal scheme X. If this is the case, the previous 
theorem would imply that it agrees with the fundamental group of Xq. 
We also conjecture the existence of a bigger fundamental group classifying 
arbitrary etale surjective maps to a noetherian formal scheme X, that would 
give additional information about X. 

Corollary 3.4.7. Let f : X — > 2J be an etale morphism in NFS. Given 
J C Ox, and K, C 0<g Ideals of definition such that f*(K)Ox C J , if the 
induced morphism /o : Xq — > Yq is etale, then f is adic etale. 

Proof. By Theorem 13.4.61 there is an adic etale morphism /' : X' — > 2) 
in NFS such that X' XmYp = Xq. Therefore by Proposition 13. 4. fl there exists 
a morphism of formal schemes g : X — > X' such that the diagram 




is commutative. Applying Proposition 12.4.141 we have that g is etale and 
from Corollary 13.4.21 we deduce that g is an isomorphism and therefore, / is 
adic etale. □ 

Corollary 3.4.8. Let f : X — > 2J be a morphism in NFS. The mor- 
phism f is adic etale if, and only if, there exist J C Ox and K, C 
Ideals of definition with f*()C)Ox C J such that the induced morphisms 
f n : X n — > Y n are etale, for all n € N. 

Proof. If / is etale adic, given /C C 0%) an Ideal of definition, let us 
consider J = f*{K,)Ox the corresponding Ideal of definition of X. By base 
change we have that the morphisms f n : X n — > Y n are etale, for all n € N. 
The reciprocal is a consequence of Proposition 13.3.11 and of the previous 
Corollary. □ 
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Theorem 13.4.61 savs that given 

2) = lim Y n 

in N FS and Xq an etale Yo-scheme there exists a unique (up to isomorphism) 
etale 2J-formal scheme X such that Xx^Yq = Xq. But, what does it happen 
when Xq is a smooth Yo-scheme? 

Proposition 3.4.9. Let 2J be in NFS and with respect to an Ideal of 
definition K, C 0<g let us write 

9J = lim Y n . 

nGN 

Given /o : Xo — ► Yq Q morphism in Sch smooth at x G Xq, there exists an 
open subset Uq C Xq, with x G Uq and an smooth adic 2J -formal scheme il 
such that UxsqYq = Uq. 

Proof. Since this is a local question in 2J, we may assume that 2) = 
Spf(-B) is in NFS a f , K. = with K C B an ideal of definition of the adic 
ring B, Bq = B/K and /o : Xq = Spec( J 4o) ~^Yq = Spec(-Bo) is a morphism 
in Sch a f smooth at x G Xq. By Pr op osition 13 . 2 . 9l ther e exists an open subset 
Uq C Xq with x G Uq such that fo\u factors us 

U ^A\= Spec(B [T])^Y 

where /q is an etale morphism and po is the canonical projection. The 
morphism pq lifts to a morphism of projection p : = Spf(-B{T}) — > 2) 
such that the following diagram is cartesian 



Uq^A^^UYq 

Applying Theorem 13.4.61 there exists il a locally noetherian etale adic A^- 

Jq = ilx a™ Ay Q . Then il is an smooth adic 2J-formal 

ilx^Yo- □ 
3.5. Structure theorems of the infinitesimal lifting properties 

In the previous sections we have seen that the infinitesimal conditions 
of an adic morphism 

lim fn 

n&i 

in NFS are determined by the morphism /o (c/. Pr op ositions 13 . 1 !3l and 13. 3 . 31 
and Corollary 13.2. 6|) . However, examples 13.1.41 and 13.2.31 illustrate that, 
in absence of the adic hypothesis this correspondence does not hold any 
more. In this section we prove the main results of this chapter in which we 
provide a local description of the infinitesimal lifting properties according to 
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the completion morphisms of (characterized in Theorem I3.4.4[l and to the 
infinitesimal adic lifting properties. 

The next theorem transfers the local description of unramified mor- 
phisms known in the case of schemes ( |EGA 1V 4 1 (18.4.7)]) to the frame- 
work of formal schemes. 

Theorem 3.5.1. Let f : X — > 2J be a morphism in NFS unramified at 
x € X. Then there exists an open subset il C X with x G il such that f\n 
factors as 

il ^ X' A 2J 

where k is a pseudo closed immersion and f is an adic etale morphism. 

Proof. Let J C Ox and K. C 0<y be Ideals of definition such that 
f*()C)Ox C J. The morphism of schemes /o associated to these Ideals is 
unramified at x (Proposition IM . 1 . f|) and by |EGA IV4I (18.4.7)] there exists 
an open set Uq C Xq with x £ Uo such that fo\u factors as 

Uo c^Ux>J^ Yo 

where kq is a closed immersion and /q is an etale morphism. Theorem 
13.4.61 implies that there exists an etale adic morphism /' : X' — * 2) in NFS 
such that X' x<qYq = Xq. Then if il C X is the open formal scheme 
with underlying topological space Uq, by Proposition 13.4.11 there exists a 
morphism k : il — > X' such that the following diagram is commutative: 




Since / is unramified, by Proposition 12.4.141 it holds that k is unramified. 
On the other hand, kq is a closed immersion and applying Corollary 13.1.131 
we have that k is a pseudo closed immersion. □ 

As a consequence of the last result we obtain the following local descrip- 
tion for etale morphisms. 

Theorem 3.5.2. Let f : X — > 2J be a morphism in NFS etale at x € X. 
Then there exists an open subset il C X with x € il such that f\<& factors as 

il ^ X' A 2J 



where k is a completion morphism and f is an adic etale morphism. 
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Proof. By the last theorem we have that there exists an open formal 
subscheme ilcl with x G it such that f\a factors as 

il ^ X' A 2) 

where k is a pseudo closed immersion and /' is an adic etale morphism. 
Then since f\& is etale and /' is an adic etale morphism, by Proposition 
12.4. 141 we have that k is etale and applying Theorem 13.4.41 there results that 
k is a completion morphism. □ 

Theorem 3.5.3. Let f : X — > 2J be a morphism in NFS smooth at x 6 X. 
Then there exists an open subset il C X with x £ il such that f\& factors as 

il ^ X' A 2J 

where k is a completion morphism and f is an adic smooth morphism. 

Proof. By Proposition 13.2.91 there exists an open formal subscheme 
23 c X with x £ 23 such that f\<u factors as 

23 ^ A| ^> 2J 

where g is etale and p is the canonical projection. Applying the last Theorem 
to the morphism g we conclude that there exists an open subset il C X with 
x G it such that /[a factors as 

H A x' A A| ^> 2J 

where k is a completion morphism, /" is an adic etale morphism and p 
is the canonical projection, from where it follows that /' = f"op is adic 
smooth. □ 



CHAPTER 4 



Basic Deformation Theory of smooth formal 

schemes 

As in Sch the case of smooth morphisms is a basic ingredient of a theory 
of deformation in NFS. The problem consists on constructing morphisms 
that extend a given morphism over a smooth formal scheme to a base which 
is an "infinitesimal neighborhood" of the original. Then, questions of ex- 
istence and uniqueness can be analyzed. The answers are expressed via 
cohomological invariants. They can be explicitly computed using the Cech 
complex. Another group of questions that are treated is the construction 
of schemes over an infinitesimal neighborhood of the base. The existence of 
such lifting will be controlled by an element belonging to a 2 nd -order coho- 
mology group. We will restrict ourselves to the use of elementary methods. 
This will force us to restrict to the separated case which suffices for a large 
class of applications. 

All the results of this chapter generalize the well-known analogous results 
in Sch. Our exposition follows the outline given in |I961 p. 111-113]. 



4.1. Lifting of morphisms 

4.1.1. Given / : X — ► 2) a morphism of pseudo finite type consider a 
commutative diagram in NFS 

3o^-3 

(4.1.1.1) 
X — i-» 2) 

where 3o ^ 3 is a closed formal subscheme given by a square zero Ideal 
2 C O3. A morphism u : 3 —> X is a lifting of uq over 2J if it makes this 
diagram commutative. For instance, if / is etale for all morphisms uq under 
the last conditions there always exists a unique lifting (see Corollary 12.4. 4J) . 

So the basic question is: When can we guarantee uniqueness and ex- 
istence of a lifting for a 2J-morphism uo : 3o ~ * Observe that in the 
diagram above, i: 3o ~~ * 3 is the identity as topological map and, therefore, 
we may identify i*O$ = O$ . Through this identification we have that the 
Ideal Z is a 03 o -module and 1 = i*T. 
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In the next paragraph it is shown that if Homo 3o (uqQ^,^,I) = 0, then 
the lifting is unique. And Proposition 14. 1.51 establishes that there exists an 
obstruction in Ext^> 3 (u^Cl^^T) to the existence of such a lifting. 

4.1.2. Let us continue to consider the situation depicted in diagram 

l|4.1.1.1|) . Note that if u : 3 -> X is a lifting of il over 2J then u^l = u*l. In 

view of this identification, from l2.4.16l we deduce the following results about 

the uniqueness of lifting: 

(1) If u : 3 — > X, v : 3 — > X are liftings of u over 2J, the morphism 

u )— v t 
Ox ► u *I 

is a continuous 2J-derivation. Lemma "2.2.12l and Theorem l2.2l implv 
that there exists an unique morphism of O^-modules <f> : ~~ * 
uq*T that makes the diagram 




■J — u« 
commutative. 

(2) Fixed a lifting u : 3 — > 3£ of uq and given : O^/^ — > uo*X a 

morphism of ©^-modules, the map := ti' + ^ o defines 

another lifting of uq . 
In summary, if there exists some lifting 3 -> 1 of no over 2), then the 
set of liftings of uq over 2) is an affine space over Homo s (fi^/gj, «o*^) ( or 
equivalently over Honi£> 3o (ugfiL^jX)). 

Remark. Using the language of torsor theory the results in 14.1.21 sav 
that the sheaf in 3o such that it associates to the open subset ilo C 3o the 
set of liftings it — > X of uoluo over 2J — where il C 3 is the open subset 
corresponding to ilo — is a pseudo torsor over Homo 5o ( M o^x/^)>-^)- 

When can we guarantee for a diagram like Q4.1.1.1JI the existence of a 
lifting of uq over 2J? In Proposition 12. 4. 2*1 we have shown that if / is smooth 
and 3o <— » 3 is in NFS a f, then there exists lifting of uq over 2J. So, the issue 
amounts to patching local data to obtain global data. 

Proposition 4.1.3. Consider the commutative diagram where 
f : X — > 2J is a smooth morphism. Then there exists an element (usually 
called "obstruction") c UQ £ ExtJ^ (uqQ^,^X) such that: c uo = if, and 
only if, there exists u : 3 —> 3£ a lifting of uq over 2) . 

Proof. Let {Hq,} a be an affine open covering of 3 and il, — {il«,o}a 
the corresponding affine open covering of 3o such that, for all a, il Qi o ^ il Q 
is a closed immersion in NFS a f given by the square zero Ideal Since / 
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is a smooth morphism, Proposition 12.4.21 implies that for all a there exists 
a lifting v a : ii a — > X of «ok,o over ?)• For an couples of indexes a, f3 such 
that il Q/ g := il Q n it/? ^ 0, if we call il^o the corresponding open formal 
subscheme of 3o from l4.L2"l (fTj) we have that there exists a unique morphism 
of Ox-Modules (j) a p : fi^j -» (n |u a/3 , )*(X|u a/3 >D ) such that the following 
diagram is commutative 

U x > %/<g 

( n o|u Q/ 3 i0 )*(^|a a/ 3,o) 

Let '"o^x/gk/so — * -^k/3o De the morphism of Ou a/3 -Modules adjoint to 
(j) a p that, with an abuse of notation we continue denoting by 4> a /3- The 
family of morphisms (j)^ := {(j) a p) satisfies the cocycle condition; that is, for 
any a, (3, 7 such that il Q/ g 7i o := it Q; o n H^o H ity,o 7^ 0, we have that 

^Mit^.o - 0a 7 k/j T ,o + 0/37 k^.o = (4.1.3.1) 

so ; </>m £ Z (it., Tiomo 3Q (ugf2L^,X)). Moreover, there results that its class 

G H (iX.,Homo 3o (itQO^ / 2 )) X)) 

does not depend of the liftings {v Q } a . Indeed, if for all arbitrary a, w a : 
ii a — > X is another lifting of iioli^ over 2), bv l4.1.2K (T1) there exists a unique 

£ Q G Homx(f^ /?) , (^okoM^ko)) such tnat v a - 4 = 6* ° Th en 
for all couples of indexes a, /? such that il Q/ g 7^ given 

VV3 e Hom x(^x/2)'( n o|u^, )*(^|u Q/3 ,o)) 

such that 
we have that 

In other words, the cocycles ^U. = {^ap) and ^n. differ in a coboundary 
from where we conclude that [4>u.] = [ipu.] £ H 1 (it,, Homo 3o (uq^I^^,2)). 
With an analogous argument it is possible to prove that, given a refinement 
of it., then [^j = [0gj.] G H (3o,Wome> 3 (ugni /sa ,X)). We define: 



Cn : = [0iu] G H 1 (3o, T~£ om 5o ( n o^x/0)'-^)) = 

= H 1 (3o,Wom 03o K^ /; g,X)) ([Ell (5.4.15)]) 

Since / is smooth, Proposition 12.5.51 implies that is a locally free Ox- 

Module of finite rank, so, 

c U() € H 1 (3o, ^omo 3o (uQ&x/fy,!)) = Ext 1 ^^^, J). 
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The element c uo is the obstruction to the existence of a lifting of wo- 
lf uq admits a lifting then it is clear that c Uo = 0. Reciprocally, suppose 
that c Uo = 0. From the family of morphisms {v a : H a — » X} a we are going 
to construct a collection of liftings {u a : il a — » X}q, of {uo|u QO }a over ?) 
that will patch into a morphism u : 3 — ► X. By hypothesis, we have that 
there exists {ip a }a € C (il., Homo^ (uq^I^^Z)) such that for all couples 
of indexes a, f3 with H Qj g 7^ 0, 

- Vjslit^ = <?W (4.1.3.2) 

For all a, let u a : ita — > 36 be the morphism that agrees with itoliiao as a 
topological map and is given by 

u l : = v l ~ O d^/s, 

as a map of topological ringed spaces. Bv l4.1.2l (|2|) we have that u a is a lifting 
of u o\iXa over ?) f° r an a and, from data 1)4.1.3.2(1 and ()4, 1.3,1(1 (for 7 = /3) 
we deduce that the morphisms {u a } a glue into a morphism u : 3 — ► X. □ 

Corollary 4.1.4. Wii/i i/ie hypothesis of the last proposition, i/3 is an 
affine formal scheme, then there exists a lifting of uq over 2). 

Proof. Since 3o is an affine formal scheme we have that 
H^Homo^K^/^X)) = ( 1A.IL99I Corollary 3.1.8]) 

and, therefore, from the last Proposition we conclude. □ 
Note that the last result also follows from Proposition 12.4.21 

4.2. Lifting of smooth formal schemes 

Given a smooth morphism /q : Xo — > 2)o an d also a closed immersion 
?)o w ?) defined by a square zero Ideal Z, one can pose the following ques- 
tions: 

(1) Suppose that there exists a smooth 2)-formal scheme X such that 
•£ x 2) ?)o = £o- When is X unique? 

(2) Does there exist a smooth 2}-formal scheme X such that it holds 
that X X(j) 2) = £0? 

Relating to the first question, in Proposition 14.2.51 we will show that if 
Ext (JlL^ o , f$Z) = then X is unique up to isomorphism. 

Apropos of the second, for all x G Xo there exists an open Ho C Xo 
with x € Ho and a locally noetherian smooth formal scheme H over 2J such 
that Ho = H x<g 2Jo (see Corollary I3.2.14|) . In general, Proposition 14.2.61 
provides an element in Ext 2 ^^^, ffiZ) whose vanishing is equivalent to 
the existence of such a X. In particular, whenever /o is in NFS a f Corollary 
14.2.71 asserts the existence of X. 
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4.2.1. Assume that /o : Xo —> ?)o is a smooth morphism and i: 2)o ^ 2) 
a closed immersion given by a square zero Ideal X C Osg, hence, 2)o and 
2) have the same underlying topological space. If there exists a smooth 
morphism / : X — > 2J in NFS such that the diagram 

~i n 

3 (4.2.1.1) 
X— ^2J 

is cartesian we say that / : X — > 2J is a smooth lifting of Xo over 2) . 

Let us consider the notation in the commutative diagram (|4.2.1.1j) . let 
/o: Xo — > 2Jo be a smooth morphism, i: 2Jo > 2J a closed immersion given 
by a square zero Ideal X C and / : X — > 2) a smooth lifting of Xo over 2) . 
Observe that, since / is flat, j: Xo — > X is a closed immersion given (up to 
isomorphism) by the square zero Ideal f*I. The sheaf X is a 0sg o -Module 
in a natural way, f*I is a 0x o -Module and it is clear that f*I agree with 
/ *X as O^o-Modules. 

4.2.2. Denote by Autxg(X) the group of 2J-automorphisms of X that 
induce the identity in Xo- In particular, we have that lx £ Autx (X) and, 
therefore, Autx (X) ^ 0. There exists a bijection 

Aut Xo (£)—* Homo, (0^ /?) , j*/ *X) ^ Hom Ol0 (f%,/2) ' /o^) 

defined using the isomorphism (Theorem 12.2(1 

Dercont3,(Ox, j*/ *X) = Rom 0x (p, x/tg , j*/6*X) 

and the map 

Aut Xo (X) — ► Dercont2 ) (O a; ,j;/ *X) 

In fact, given a homomorphism of Ox-Modules <f> : ~* i*/o-^) by 

l4.1.21(|Hl the morphism g : X — > X defined by 

5 tt = 1^ + o dx/g 

which is the identity as topological map, is an automorphism (its inverse 
g' 1 is given by (g' 1 ^ = V x - 4> o 

4.2.3. If Xo is in NFS a f and Xo X' — > 2J is another smooth lifting of Xo 
over 2J, then there exists a 2)-isomorphism g : X ^> X' such that <7|x = j r ■ 
Indeed, from Proposition I2,4.21 there are morphisms g : X — > X', </ : X' — > X 
such that the following diagram is commutative: 

X C-*— » X 
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Then since g' o g\^ = j, g o g'\x = j' , by l4.1.2K |T|) it holds that there exists 
<j) G Rom 0x (^i 1 x/ f S , j*fol) and ft G Romo x , (fl^, ^, j'^I) such that 

(g' 0^ = 4 + 00 d m (g o g' f = + ft o d r/!0 

From H~2~2l we deduce that g' o g G Aut£ (X), g o g' G Autx (X'), therefore 
^ is an isomorphism. 

4.2.4. In the previous setting, the set of 2)-isomorphisms of X in X' that 
induce the identity in Xo is an afhne space over Homo Xo (fi^ /qX) (or, 

equivalently over Homo^, (Q^ by adjunction). In fact, assume 

that g : X — > X' and /i : X — > X' are two 2)-isomorphisms such that g\x = 
/i|x = j' ■ From l4,1.2l ((Tj) there exists a unique homomorphism of Ox'- 
Modules 

such that 

g$ - = (j) o dxt/y. 

Reciprocally, if 

(/) G Hom 0xo (^ ()/?)o ,/ *J) 9* Romo^in^/^j'JoT) 

and ^ : X — > X' is a 2)-isomorphism with g|x = j', the 2)-morphism /i : 
X — > X' defined by 

^ = 5 ft) + </>°d x ,/ {S , 

which as topological space map is the identity, is an isomorphism. Indeed, 
it holds that 

(h o g- l f - 4, G Dercont^Or.^/JZ) 

and that 

(g- 1 o &)» - 4 G Dercant^O*, j,/ *I). 

From H~2~2l there results that /i o g -1 G Aut£ (X') and g^ 1 o h G Aut£ (X). 
It follows that /i is an isomorphism. 

Proposition 4.2.5. Lei 2)o ^ 2) a closed immersion in NFS defined 
by a square zero Ideal I C and fo : Xo — > 2Jo a smooth morphism in 
NFS and suppose that there exists a smooth lifting of Xo over 2). Then the 
set of isomorphic classes of smooth liftings of Xq over 2) is an affine space 
over Ext 1 (fi^ / g o ,/ ( JJ). 

Proof. Let X ^ X 4 2) and X X' 4 2) be two smooth liftings 
over 2). Given an affine open covering it. = {il Qj0 } of Xo, let {il Q } and {il^} 
be the corresponding affine open coverings of X and X', respectively. From 



4.2. LIFTING OF SMOOTH FORMAL SCHEMES 101 

14.2.31 for all a there exists an isomorphism of 2)-formal schemes u a : H a — > 
ii' a such that the following diagram is commutative: 




From l4~2~4l for all couples of indexes a, (3 such that := H aj o fl il^o ^ 

if ii a/ 3 := ii a fl Up, il' a/3 := ii' a Pi il'p, and il' a/3fi := ii' a n ll^ , there exists a 
unique homomorphism of Oa a/3 -Modules 

such that its adjoint f2^, ^ — * 0*/o-^)lu' which we will continue denoting 
satisfies 

Wa|u Q/3 - «/3|a a/3 = (Pa/3 ° 4^ 

Then ^ := G C 1 (it., Hom Ox0 (^e /2)o' /o 1 )) has tne property that 

for all a, /3, 7 such that il a/ 3 7i o := il Q , j onil ( g i onil 7i o 7^ 0, the cocycle condition 

fiaplUnp^o ~ 4>a-y\u al3lfi + 4>l3j\iX a ^ fi = (4.2.5.1) 

holds and, therefore, 

4><d. G Z 1 (H.,Hom c , ;Eo (^ o/ 2 )() ,/ *J)). 
The definition of the element 

cu. ■■= IM e H 1 (H.,H m 0xo (^^ o/?)o ,/ *I)) 

does not depend of the isomorphisms {«„}. Indeed, let {v a : il a — > ii' a } a be 
another collection of 2)-isomorphisms such that, for all a, v a = j'li^ 
and let ^jj. be the element 

e C 1 (il.,W m 0xo (^l eo/?)o ,/ *l)) 

such that through adjunction it holds that f a |ii Q/3 — vpluinp = ^afi <4i' /<g, 
for all couples of indexes a, (3 such that ILgo 7^ 0. From H~2.4I there exists 
G C°(il», TComo XQ (Q% o /<y o , JqI)) such that, for all a, their adjoints are 
such that u a — v a = £ a o d^/sy, therefore, 

[M = bh.] G H 1 (H.,Wom 0xo (^^ o/? , o ,/ *Z)). 
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If 2J. is an affine open refinement of it., by what we have already seen, we 
deduce that cu. = c<jj. . Let us define 

c := [fa] G H 1 ^, Homo^ifi^JSX)) = 

= K 1 (X ,Hom 0xo (n 1 Xo/<So J*l)) (HH (5.4.15)]) 

= Ext (n Xo/(So , /q!) 

Reciprocally, let / : X — > 2) be a smooth lifting of Xo and consider 
c G Ext 1 (J7^ o// g o , /gT). Given il. = (ila,o) an affine open covering of Xo, 
take (Ma) the corresponding affine open covering in X and 

fa = (4>ap) G z 1 (H.,WoTO Cl3;o (ol eo/?)o ,/ *2:)) 

such that c = For each couples of indexes a, /3 such that il a/ g = 

ilaflll^ ^ 0, let us consider the morphism n Q/ g : M a p — ► M a p that is the 
identity as topological map and that, as ringed topological spaces map is 
defined by 

n i/3 : = A aP + ^ ° 

where again <fi a p denotes also its adjoint <fi a p: ^ — > (j*/o-^)liWi> satis- 
fies: 

• G Aut^ 50 (il a( g) (byEZ21) 

• "a/jltf^ ° ^li^ ^liX^ = for ally °' & T SUch that 

ita/37 := il a H il/? fl il 7 ^ (because satisfies the cocycle 

condition (|4.2.5.1|) ) 

• ««« = lUa and = ug a 

Then the 2J-formal schemes M a glue into a smooth lifting /' : X' — * 2J of Xo 
through the morphisms {M Q/ g}, since the morphism / : X — » 2J is compatible 
with the family of isomorphisms {ii a fl}. 

We leave to the reader the verification that these correspondences are 
mutually inverse. □ 

Remark. Proposition 14.2.51 can be rephrased in the language of torsor 
theory as follows: The sheaf in Xo that associates to each open Ho C Xo the 
set of isomorphism classes of smooth liftings of Mo over 2) is a pseudo torsor 
over Ext 1 ^/^,^)- 

Remark. With the hypothesis of Proposition 14.2.51 if /o and 2) are in 
NFS a f, we have that 

H 1 (X ,Wom 0i . o (^ ()/?)o ,/ *J)) = 

(cf. |AJL99l Corollary 3.1.8]) and, therefore, there exists a unique isomor- 
phism class of liftings of Xo over 2J . 

Proposition 4.2.6. Let us consider in NFS a closed immersion 2Jo 
2) given by a square zero Ideal X C 0<g and /o : Xo — > 2Jo a smooth 
morphism with Xq a separated formal scheme. Then there is an element 
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Cf € Ext 2 (r2^ () ^2) o , /qI) such that: Cf vanishes if, and only if, there exists 
a smooth lifting X of 3Cq over 2) . 

Proof. From Proposition 12.4. 151 and Corollary 13.2. 141 there exists il, = 
(il Q ,o) an affine open covering of %o, such that for all a there exists il Q 
a smooth lifting of il^o over 2). As Xo is a separated formal scheme 
U-a/3,0 '■= ila.oHil^o is an affine open set for any a, (5 and, if we call il^ C il a 
and ilpa C ilg to the corresponding open sets, from l4.2."*Sl there exists an iso- 
morphism u a p : ilap — ► Hfs a such that the following diagram is commutative: 




il/Ja >V 

For any a,/3, 7 such that il aj g 7i o := ii a ,o H Up ; o fl il^o ^ 0, let us write 
•^0/37 := x gila7- It holds that 

n a/ 3 7 := u^l^niiya ^/3 7 lu / 3 Q n% 7 - u Q , /3 |,u a(3 nii Q7 G Aut^^^i!^). 
From H~2.2I there exists a unique 

0a/3 7 G r^^o, Homo I() (ti % /2) , /o^)) 
whose adjoint satisfies the relation 

Then the element 

011. := (0a/3 7 ) G C 2 (il.,Wom c , 3;o (fi5 t:o/? , o ,/ *T)) 

satisfies for any a, (3, 7, 5 such that il^^o := ^a,o Hil^o Hiiy o Hil^o ^ 0, 
the cocycle condition 

4>aP~f\u a p jS ,o ~ tPaytlu^sfi + <?Wlilc,/3 7 «,o ~ ^foll^^o = (4.2.6.1) 

and, therefore, </>u. G Z 2 (it., 7iomo Xo {^\ m , fo^))- Using 14*72.41 and rea- 
soning in an analogous way as in the proof of Proposition 14.2. 51 it is easily 
seen that the definition of 

en. := [0iU G H 2 (H.,Womo % (fi^ o/?)o ,/ *2:)) 

does not depend on the chosen isomorphisms {u a p}. Furthermore, if 2J. is 
an affine open refinement of il,, then 

en. = C5j. € H 2 (X ,Wom clxo (^^ o/ 2 )o ,/ *J)) 
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Proposition 12.5.51 implies that fi^ is a locally free 0£ o -Module. Since 
Xo is separated 1 , we set 

= H 2 (£ ,ftomc> Xo (O^/aj^/oX)) 

= Ext 2 (J7J eo /2, o ,/ *T) 

Let us show that c/ is the obstruction to the existence of a smooth 
lifting of Xo over 2J. If there exists X a smooth lifting of Xo over 2), one 
could take the isomorphisms {u a p} above as the identities, then c/ = 0, 
trivially. Reciprocally, let il, = {it Qj o} be an affine open covering of Xo and, 
for each a, ii a a smooth lifting of il^o over 2) such that, with the notations 
established at the beginning of the proof, c/ = [$u.] with 

<f>ix. = (0af3~f) 6 Z 2 (il.,7iom c , Io (fi^ o/ 2 )o ,/ *X)). 

In view of cj = 0, we are going to glue the 2)-formal schemes (ii a ) into a 
lifting of Xo over 2). By hypothesis, we have that 

<fa. eB 2 (U,,« O m Oi0 (fi] £0/Sfel /JI)) 

and therefore, there exists 

(0 Q/3 ) G C 1 (H.,H m 0xo (f]^ /?)o ,/*J)) 

such that, for any a, (3, 7 with !d a p 1 fl ^ 0, 

0a/?lu a/37 ,o - 0a 7 lu a/ 3 7 ,o + ^ 1^7,0 = ^7 (4.2.6.2) 

For each couple of indexes a, f3 such that ilo^o ^ 0, let t> a/ 3 : il Q/ 3 — ► iip a be 
the morphism which is the identity as topological map, and that, as ringed 
topological spaces map is given by 

The constructed family {vap}, satisfies: 

• Each map v a n is an isomorphism of 2J-formal schemes (bv !4.2.4|) . 

• For any a, 0, 7 such that ii a p 7 fi 7^ 0, 

by ESDI and (IOX21 . 

• For any a, /?, u QQ , = 1^ and = vp a . 

The 2J-formal schemes {ii a } glue into a smooth lifting / : X — > 2J of Xo over 
2) through the glueing morphisms {v a /3}. 

□ 

^Given X a separated formal scheme in NFS and a sheaf of abelian groups over X 
using |AJL99I Corollary 3.1.8] and IHrfl Ch. Ill, Exercise 4.11] we have that H*(£,.F) = 
H\X,F), for alii > 0. 
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Corollary 4.2.7. With the hypothesis of Proposition \4- 2. "ty if Xq and 

2) are affine, there exists a lifting of Xq over 2) . 

Proof. Applying AJL99] Corollary 3.1.8] we have that 

R 2 (x ,nom 0xo (n 1 Xomo ,f*i)) = o 

and the result follows from the last proposition. □ 

Question 3. If Xo is not separated, the argument used in the proof of 
Proposition 14.2.61 is not valid. We conjecture that it is possible to construct 
an adequate version of the cotangent complex generalizing the construction 
of the sheaf of 1-differentials in N FS providing a more general version of this 
deformation theory. 
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